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The Weyl curvature includes the Newtonian field and an additional field, the so-called
anti-Newtonian. In this paper, we use the Bianchi and Ricci identities to provide a
set of constraints and propagations for the Weyl fields. The temporal evolutions of
propagations manifest explicit solutions of gravitational waves. We see that models with
purely Newtonian field are inconsistent with relativistic models and obstruct sounding
solutions. Therefore, both fields are necessary for the nonlocal nature and radiative
solutions of gravitation.
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1. Introduction

In the theory of general relativity, one can split the Riemann curvature tensor into
the Ricci tensor defined by the Einstein equation and the Weyl curvature tensor.'
Additionally, one can split the Weyl tensor into the electric part and the magnetic
part, the so-called gravitoelectric/magnetic fields,® being due to some similarity
to electrodynamical counterparts.?6® We describe the gravitoelectric field as the
tidal (Newtonian) force,”19 but the gravitomagnetic field has no Newtonian anal-
ogy, called anti-Newtonian. Nonlocal characteristics arising from the Weyl curva-
ture provides a description of the Newtonian force, although the Einstein equation
describes a local dynamics of spacetime.”!'! The Weyl curvature also includes an
additional force: the gravitomagnetic field that is produced by the mass currents
analogously an electric current generating a magnetic field.? In fact, the theory of
general relativity predicts two main concepts: gravitomagnetic fields and gravita-
tional waves. Gravitation similar to electromagnetism propagates at identical speed,
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that provides a sounding analysis and a radiative description of force. We notice
the Weyl tensor encoding the tidal force, a new force by its magnetic part, and a
treatment of gravitational waves.

Determination of gravitational waves and gravitomagnetism (new force) is ex-
perimental tests of general relativity.!? Gravitational radiation of a binary system
of compact objects has been proposed to be detected by a resonant bar'? or a laser
interferometer in space,'®1® such as the LIGO'® and VIRGO.!” A non-rotating
compact object produces the standard Schwarzschild field, whereas a rotating body
also generates the gravitomagnetic field. It has been suggested as a mechanism for
the jet formation in quasars and galactic nuclei.!®!? The resulting action of the
gravitomagnetic fields and of the viscous forces implies that the formation of the
accretion disk into the equatorial plane of the central body while the jets are ejected
along angular momentum vector perpendicularly to the equatorial plane.?'® The
gravitomagnetic field implies that a rotating body e. g. the Earth affects the motion
of orbiting satellites. This effect has been recently measured using the LAGEOS I
and LAGEOS II satellites.2® However, we may need to count some possible errors
in the LAGEOS data.?! Using two recent orbiting geodesy satellites (CHAMP and
GRACE), it has been reported confirmation of general relativity with a total error
between 5% and 10%.%22 24

In this paper, we describe kinematic and dynamic equations of the Weyl curva-
ture variables, i.e. the gravitoelectric field as the relativistic generalization of the
tidal forces and the gravitomagnetic field in a cosmological model containing the
relativistic fluid description of matter. We use the convention based on 87G =1 = c.
We denote the round brackets enclosing indices for symmetrization, and the square
brackets for antisymmetrization. The organization of this paper is as follows. In
Sec. 2, we introduce the 3 + 1 covariant formalism, kinematic quantities, and dy-
namic quantities in a hydrodynamic description of matter. In Sec. 3, we obtain con-
straint and propagation equations for the Weyl fields from the Bianchi and Ricci
identities. In Sec. 4, rotation and distortion are characterized as wave solutions.
In Sec. 5, we study a Newtonian model as purely gravitoelectric in an irrotational
static spacetime and a perfect-fluid model, and an anti-Newtonian model as purely
gravitomagnetic in a shearless static and perfect-fluid model. We see that both
models are generally inconsistent with relativistic models, allowing no possibility
for wave solutions. Section 6 provides a conclusion.

2. Covariant Formalism

According to the pattern of classical hydrodynamics, we decompose the space-
time metric into the spatial metric and the instantaneous rest-space of a comoving
observer. The formalism, known as the 3 + 1 covariant approach to general rela-
tivity,2° 30 has been used for numerous applications.'®3135 In this approach, we
rewrite equations governing relativistic fluid dynamics by using projected vectors

and projected symmetric traceless tensors instead of metrics.!0:34
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We take a four-velocity vector u® field in a given (3 4 1)-dimensional spacetime
to be a unit vector field u®u, = —1. We define a spatial metric (or projector
tensor) hqp = gap + Uqup, where gqp is the spacetime metric. It decomposes the
spacetime metric into the spatial metric and the instantaneous rest-space of an
observer moving with four-velocity u®.2:33:36 We get some properties for the spatial
metric

hapt® =0,  hohey = hay,  ha® =3. (1)

We also define the spatial alternating tensor as
€abec = Uabcdud ) (2)

where n4pcq 1S the spacetime alternating tensor,
Nabed = —41/]910° 48" 56%.8% 4 , 80" = gacg®, lg| = det gap - (3)

The covariant spacetime derivative V, is split into a covariant temporal deriva-
tive

Ty... = u"VyT,... (4)
and a covariant spatial derivative
DyTo... = hp®he - V... (5)

The projected vectors and the projected symmetric traceless parts of rank-2 tensors
are defined by

1
‘/(a) = hab‘/b y S(ab} = {h(achb)d - ghadhab} Scd . (6)

The equations governing these quantities involve a vector product and its general-
ization to rank-2 tensors:

[V, W]a = Eabcvbwc ) [Sv Q]a = EachbdQCd 9 (7)
[‘/7 S]ab = 5cd(aSb)C‘/d ) [Va S](ab) = Ecd(aSb>Cvd . (8)
We define divergences and rotations as
div(V) =DV, , (div ), = D"Sup s (9)
(curl V), = e4p.D?VE, (curl S)ab = €cd(a DCSb)d , (10)

(curl 8) (apy = €cdta Dch>d .

We know that Dchab =0= Ddfabc; hab = QU(a’[Lb) and éabc = 3U[a€bc]d’lld, then
uhepy = —Up and u%€gpe = —U%qpe. From these points one can also define the
relativistically temporal rotations as

[ua V]a = _ucéabcvb 5 [ua S]ab = _ucécd(asb)d 3

(11)

[’[1’7 S](ab} = 7ucécd<aSb)d .
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The covariant spatial distortions are

Lo
D(aVb> = D(a‘/b) - g(dw V)hab, (12)

2 .
D(aSpey = D(aStey — gh(ab(dlv S)e) - (13)

We decompose the covariant derivatives of scalars, vectors, and rank-2 tensors into
irreducible components

Vaof = 7.](:11«1 +D.f, (14)

. 1
VoV = — <V<a>ub + UqupttVE — §®uaVb — UgOpe V¢ — Ug[w, V]b> + D, Vs, (15)

. 2
chab = - (S(ab>uc + 2u(aSb)duduc - §®u(a5b)c - 2u(aSb)dUdc

- 250deu(a5b)dwe) + DaShe (16)
where
1 1
DVb = gDchhab - §5abc curl V< + D(a‘/b> ) (17)
3.4 2 d
DySpe = ED Sd(ahb>c — gedc(a curl Sb) + D(aSbc) . (18)
We also introduce the kinematic quantities encoding the relative motion of fluids:
vbua = Dbua - uauba (19)
1
Dbua = gGhab + 0ab + Wab (20)
where 4, = ubVyu, is the relativistic acceleration vector, in the frames of in-
stantaneously comoving observers u, = ), © = D%, the rate of expan-

sion of fluids, gap = D upy = Diquy) — %hachuc, a traceless symmetric tensor
(0ab = O(ab), 0a® = 0); the shear tensor describing the rate of distortion of fluids,
and wgp = Diaup a skew-symmetric tensor (Wap = Wiap], Wa® = 0); the vorticity
tensor describing the rotation of fluids.27:33:37

The vorticity vector3®3? w, is defined by
1 e 21
Wq = 2€abcw y ( )
where wau® = 0, wepw® = 0 and the magnitude w? = %wabw“b > 0 have been

imposed. Accordingly, we obtain

1
Wa = fisabcDbuc. (22)

The sign convention is such that in the Newtonian theory w = —%V X u.
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We denote the covariant shear and vorticity products of the symmetric traceless
tensors as

[Uv S]a = Eabc(rdeCd ; [w, S](ab} = Ecd(aSb> de . (23)

The energy density and pressure of fluids are encoded in the dynamic quanti-
ties, which generally have the contributions from the energy flux and anisotropic
pressure:

Tab = PlUgUp + phab + 2q(aub) + Tab , (24)

Qaua = 0) ﬂ—aa = 0) Tab = ﬂ-(ab) ) ﬂ—abub = 07 (25)

where p = Tyu®ub is the relativistic energy density relative to u®, p = % Lph P

the pressure, q, = 7T<a>bub = —h.°Tpu’ the energy flux relative to u?, and

Tap = Tiapy = Tcdhc<audb> = (hc(audb) - %hathd)Tcd the traceless anisotropic

stress. Imposing ¢* = 7, = 0, we get the solution of a perfect fluid with

Top = pugup + phep. In addition p = 0 gives the pressure-free matter or dust
solution.27:33:37

3. Cosmological Field Equations

In the theory of general relativity, we describe the local nature of gravitational field
nearby matter as an algebraic relation between the Ricci curvature and the matter
fields, i.e. the Einstein field equations:

1
Rab = Tab - ETgaba (26)

where R, is the Ricci curvature, Ty, the energy-momentum of the matter fields,
and T = T.° the trace of the energy—momentum tensor.

The successive contractions of Eq. (26) on using Eq. (24) lead to a set of rela-
tions:

1
Rabuaub = i(p + 3p) 3 hab‘Rbcuc = —{a,
. (27)
hachbdRcd = i(p - p)hab + Tab
R=R,", T=T, =—p+3p, R=-T, (28)

where R is the Ricci scalar. The Ricci curvature is derived from the once contracted
Riemann curvature tensor: Ry, = RCqcp.

The Riemann tensor is split into symmetric (massless) traceless Cypeq and trace-
ful massive Mgpq parts:

Rabcd = C1abcd + Mabcd . (29)

The symmetric traceless part of the Riemann curvature is called the Weyl conformal
curvature with the following properties:

Cabed = Clap)[ed] » C%ca = 0= Caped - (30)
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The nonlocal (long-range) fields, the parts of the curvature not directly determined
locally by matter, are given by the Weyl curvature; propagating the Newtonian
(and anti-Newtonian) forces and gravitational waves. It can be shown that the Weyl
tensor Copeq is irreducibly split into the Newtonian CT

beq @nd the anti-Newtonian
Cfbljd parts:

Cade = Ozlz\;cd =+ Ozl?bljd ’ (31)
O ea = Hulupe + Bl Y By, (32)
C(ﬁyljd = 2€abeu[CHd]e + 250deu[aHb]e 5 (33)

where Egp = Cuapgutu is the gravitoelectric field and H,, = %each’Cdbeue the
gravitomagnetic field. They are spacelike and traceless symmetric.

The traceful massive part of the Riemann curvature consists of the matter fields
and the characteristics of local interactions with matter

2 2
M.y = g(p + 3p)ul®u Aty + gph“[chbd]

—2ulepll [edd] — Qu{ch[“d] qb] — 2U[QU[C7Tb] aq+ 2h[a[c7Tb] d - (34)

Therefore, the Weyl curvature is linked to the matter fields through the Riemann
curvature.

3.1. Dynamic formulas

To provide equations governing relativistic dynamics of matter, we use the Bianchi
tdentities

v[eRab]cd =0. (35)

On substituting Eq. (29) into Eq. (35), we get the dynamic formula for the Weyl

conformal curvature®40-4L;

1 1
VdC’abcd = 7V[a (Rb]c - ggb]cR> = 7v[a <Tb]c - ggb]chd> = Jabc - (36)

On decomposing Eq. (36) along and orthogonal to a four-velocity vector, we obtain

constraint (C12,) and propagation (P2,;,) equations of the Weyl fields in a form

analogous to the Maxwell equations!?42-44:

1 1
Cle = (divE)q — 3w’Hyp — [0, Ho — 3Dap + 300

1 1
— iaabqb + ;[w, qla + E(div 7)o =0, (37)

C% = (divH)q + 3wPEy + [0, Ela 4+ wal(p + D)

1 1 1
+ 5 Curl(Q)a + E[Ua 7T]a - §wb7‘—ab =0, (38)
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Pl oy = curl(H)ap + 20, H) () — By — OFab + [w, E](ap)

. 1 .
+ 3gc(aEb> - ioab(p +p) - §D(aQb> — U(ab)

1. 1 1 1,
757"(1117) —6®7rab+§[w,7r]<ab>—§a (aTrb>€:0, (39)

Pzab = curl(E)ab + 2[’&, E](ab) + H(ab} +OH,, — [w, H](ab)

. 3 1 1
—30c(aHy)“ — JW(alb) — 5[ » Q) (aby — 3 curl(m)ap = 0. (40)

The twice contracted Bianchi identities present the conservation of the total
energy—momentum tensor, namely

1
VT, = VP <Rab — 5gabR> =0. (41)

It is split into a timelike and a spacelike momentum constraints:

C3=p+(p+p)O +div(q) + 2aq® + o7 =0, (42)
4
C4a = (p +p)ua + Dap + qm) + §®C,Ia + Uabqb

— [w,qla + (divr)q + @bme = 0. (43)

They provide the conservation law of energy—momentum, i.e. how matter deter-
mines the geometry, and describe the motion of matter.

3.2. Kinematic formulas

To provide the equations of motion, we use the Ricci identities for the vector field

Ug:
QV[avb]uc = Rabcdud. (44)

We substitute the vector field u, from the kinematic quantities, using the Einstein
equation, and separating out the orthogonally projected part into trace, symmetric
traceless, and skew symmetric parts. We obtain constraints and propagations for
the kinematic quantities as follows*?:

. 1 1
PP=0+ g@2 — div(d) — 4% — (Wapw™® — Tap0) + 5(p+3p) =0,  (45)
i _ . 2 b 1 .
P = wigy + §®w“ —0gq wp + 3 curl(d), =0, (46)
5 . .. . e 2
P?ap = Eap — Dialpy — UiaUpy + 6 (aby + 0c(a0n)” + go'ab@ + wiaWp)

— 7y = 0. (47)
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Equation (45), called the Raychaudhuri propagation formula, is the basic equation
of gravitational attraction.> In Eq. (46), the evolution of vorticity is conserved by
the rotation of acceleration. Equation (47) shows that the gravitoelectric field is
propagated in shear, vorticity, acceleration, and anisotropic stress.

The Ricci identities also provide a set of constraints:

C° = div(w) —weu® =0, (48)

2
Cct, = §Da® — (divo), + curl(w)g + 2[, w]g —qa =0, (49)
C7ab = H, — curl(a)ab + D<awb> + 2’(:L<awb> =0. (50)

Equation (48) presents the divergence of vorticity. Equation (49) links the diver-
gence of shear to the rotation of vorticity. Equation (50) characterizes the gravito-
magnetic field as the distortion of vorticity and the rotation of shear.

4. Gravitational Waves

We now obtain the temporal evolution of the dynamic propagations (P12,;) in a
perfect-fluid model (¢% = mqp = 0):

1
C'y = (divE)y — 3w’ Hyy — [0, H]y — 3Dap =0, (51)
C% = (divH)q + 3wPEs + [0, Ela + wa(p+p) =0, (52)

Plab = Curl(H)ab + 2[’&, H](ab} — E<a> —OF, + [w, E](ab)

1
+ 3Uc(aEb>c - gaab(p +p) =0, (53)
P2ab = curl(E)ab + 2[’&, E](ab} + H(ab} + OH,, — [w, H](ab}

- 3Uc(aHb>c =0. (54)

To first order, the evolution of propagation is

. .. 3 4
Plab = D2Eab — E(ab} — §D<a01b> — §@P1ab + Curl(PQ)ab

4 7 . .
- §@2Eab - g@E(aw — ©Fq — OE.(,01)° — 0caE“0g
+ ECdUcaobd - UCdUc(aEb)d + Ecd(aEb)cwd + Ecd(aEb)cwd
4
+ 5@[&], E](ab) + 4@O'C<aEb>C + écd(aEg)wd + 30"C<aEb>c

. 1
+ 30'c<aEb>c - 2curl([12, E])ab — §D<au)CHb>c

3 8 ..
_ §D<a[a, Hlyy + 5@[u,H]<ab> + curl(jw, H])ap



Mod. Phys. Lett. A 2009.24:3113-3127. Downloaded from www.worldscientific.com
by HARVARD-SMITHSONIAN CENTER FOR ASTROPHY SICS on 01/05/18. For personal use only.

On the Significance of the Weyl Curvature 3121
+3 Cuﬂ(JC(aHb)c) - Uecacd(aDeHb)d

Coen o ) - 1 ..
+ 2€cd(aHb)cud + 2€cd(aHb) ud + 2€cd(aHb) ud - §Uab(p + P)

1
- g@aab(p +p)=0. (55)

We neglect products of kinematic quantities with respect to the undisturbed met-
rics (unexpansive static spacetime). We can also prevent the perturbations that
are merely associated with coordinate transformation, since they have no physical
significance. In free space, we get

. 3 4
Plab = D2Eab — E(ab) — §D<a01b> — §@P1ab + Curl(P2)ab =0. (56)

To be consistent with Eqs. (51)—(54), D®Eq, — E(4) has to vanish. Similarly, the
evolution of P2,, shows that D2H,, — H (aby = 0. The evolutions reflect that the
divergenceless and nonvanishing rotation of the Weyl fields are necessary conditions
for gravitational waves:

(divE), = (divH), =0, curl(E)gp # 0 # curl(H)gp - (57)

Indeed, the rotation of the Weyl fields characterizes the wave solutions. The grav-
itomagnetic field is explicitly important to describe the gravitational waves, and is
comparable with the Maxwell fields.

We use Eq. (18) to provide two more constraints:

3 2
Cgabc = Do Epe — D(aEbc> - ngEd(ahlﬁc + g‘gdc(a CU.I'l(E)b)d =0, (58)

3 2
Ogabc =D.Hye — D(aHbc> - ngHd(ahb)c + gedc(a Curl(H)b)d =0. (59)
To first order, divergence of Eq. (58) is

3
DaCSabc = DzEbc - DaD(aEbc> - gDaDdEd(ahb)c

1 1
+ gDafdca Curl(E)bd + gedcb D? Curl(E)ad =0. (60)

On substituting Eq. (54), it becomes
3 3
DaC8abc = D2Ebc - DaD(aEbc) - gDaDdEdOzhb)c - gDaCl (ahb)c
2 4 9 a 3 a
+ ED Edc(aPQb)d - ED wde<ahb)c - ED [Uv H](ahb>c

1 2 . 4 .
- gD“Dmphb)c - §Da5dc(aH(b)d> - §D“€dc(a[u, E)pa

2 2
- ®§Da5dc(aHb)d + gDaEdc(a[wa H]pyay

+ 2Da€dc(aoc<b) Hd>c =0. (61)
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We abandon products of kinematic quantities in the undisturbed metrics:

3 3
a8 2 a amd a1
b*C abc = D Ebc -D D(aEbc) - gD D Ed(ahb>c - gD C (ahb>c
2 2 .
+ gDasdc(azﬂb)d — gewl(H)a = 0. (62)

To linearized order, we get curl(S,,)” = curl Sab. Using the later point and the
evolution of Eq. (53), we obtain:

Dacgabc = D2Ebc - DaD(aEbc> - gDaDdEd(ahb>c - gE(ab>

- §D<a01b> + gDaedC(aPZ’b)d - gplab =0. (63)
The result can be compared to the wave solution (56). Without the distortion parts,
it is inconsistent with a generic description of wave. Distortion of the gravitoelectric
field (Dq Eey) must not vanish to provide the wave solution. We also obtain similar
condition for the gravitomagnetic field. In free space, the divergence of the Weyl
fields, determined by the matter, must be free. The temporal evolution decides
that the rotation of the Weyl fields must be nonzero. Now, the distortion provides
another condition to characterize the evolution of the Weyl fields:

D(aEbc) 7£ 0 7£ D(aHbc> . (64)

The existence of rotation and distortion is necessary condition to maintain the wave
solutions.

5. Newtonian and Anti-Newtonian Fields

We can associate a Newtonian model with purely gravitoelectric (Hg, = 0). With-
out the gravitomagnetism, the nonlocal nature of the Newtonian force cannot be
retrieved from relativistic models. It also excludes gravitational waves. The Newto-
nian model is a limited model to show the characteristics of the gravitoelectric. We
can also consider an anti-Newtonian model; a model with purely gravitomagnetic
(Eap = 0). The anti-Newtonian model obstructs sounding solutions. In Ref. 43,
it has been proven that the anti-Newtonian model shall include either shear or
vorticity.

5.1. Newtonian model

Let us consider the Newtonian model (Hg, = 0) in an irrotational static spacetime
(we = g, = 0) and a perfect-fluid model (¢ = 7, = 0). The constraints and
propagations shall be

1
Cly = (divE), — 3Dap =0, C%, =[0,FE]s =0, (65)
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. 1
Plab = 7E(ab> - eEab + 3Uc(aEb>C - ggab(p +p) = Oa

(66)
P2, =curl(E)y, =0,
Ccb, = gDaG) — (dive), =0, CTap = —curl(o)qy = 0. (67)
To first order, divergence and evolution of Eq. (66b) are
D'P?,, = %eabcDb(D JED + %@[a, Ely — ow|o, E]
1 1 Lo b2 Lo

=3 curl(Ch), + 5@0 0 —0"C% + gwap, (68)

P2, = —%@ curl(E)gp — oecacd(aDeEb)d + Curl(E)ab

= *gECd(an)cCId - §®P2ab + ;Ecd(aC6CEb)d
- %(p +p)C7 ap — curl(P)gp, + 3curl(o,(, By ©) - (69)

The last parameter (3wqp) in Eq. (68) vanishes because of irrotational condition.
Equation (68) then conserves the constraints. Equation (69) must be consistent
with Eqgs. (65) and (67). Thus, the last term in Eq. (69) has to vanish:

curl(o.(, Epy©) = 0. (70)

It is a necessary condition for the consistent evolution of propagation. This condition
is satisfied with irrotational product of gravitoelectric and shear, but it is a complete
contrast to Eq. (65b). Thus, the Newtonian model is generally inconsistent with
generic relativistic models. Moreover, the temporal evolution of propagation shows
no wave solutions.

5.1.1. Newtonian limit

The Newtonian model obstructs wave solution, due to the instantaneous interaction.
Following Refs. 28-30, we consider a model whose action propagates at infinite speed
(¢ — o0). This is compatible with lim. oo Fop = Eap(t)|oo, Where Eqp(t)|oo 18 an
arbitrary function of time.

We define the Newtonian potential as

1
Eap =D (,Dypy® = D,Dy® — ghabD2<1>. (71)
On substituting into Eq. (65a), we get

1 1
c', = D,D*® — nghabD2<I> = 3Dap=0. (72)
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In a spatial infinity, we obtain the Poisson equation of the Newtonian potential:
1
015D2(I>—§p:(). (73)

Equation (65a) generalizes the gravitoelectric as the Newtonian force in the gradient
of the relativistic energy density.
Moreover, Eq. (66a) gives

. 1 . 1 .
Py, = —D,Dyd + 5habD% — ODuDy® + = (hap + Ohgy)D*®

1
+300(aDyy D°P — 0ol “D*® — Soan(p +p) = 0. (74)

In the Newtonian theory, we could not find the temporal evolution of the Newtonian
potential.

5.1.2. Acceleration potential

In an irrotational spacetime, Eq. (46) becomes
Pt = %curl(d)a =0. (75)
It introduces a scalar potential:
iy =Dy ®, (76)

where ® is the acceleration potential. This scalar potential corresponds to the New-
tonian potential. In the irrotational Newtonian model, the linearized acceleration
is characterized as the acceleration potential.

5.2. Anti-Newtonian model

Let us consider the anti-Newtonian model (Eq; = 0) in a shearless static spacetime
(we = g, = 0) and a perfect-fluid model (¢ = 7, = 0). The constraints and
propagations shall be

1

C'y = —3wPHy, — 3Dap =0, C?, = (divH), +wa(p+p) =0, (77)

Plyy =curl(H)g, =0, P2y = Higpy + OHgy, — [w, H](apy =0, (78)
2

Ccb, = §Da® + curl(w), =0, C"ab = Hap + Diqwpy + 2iqwpy = 0. (79)

To linearized order, divergence and evolution of Eq. (78a) are

1
ptpl,, = EeabcDb(D JH

1 1 1
= §5abcDbC2c — 5 +p)C% + 3P +P)DuO, (80)
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) 1 )
Pl = fg@ curl(H)ap + curl(H)ap

= —§®P1ab + curl(P2)ab + curl([w, H]) (ap) - (81)

Equation (80) is consistent only in the spacetime being free from either the grav-
itational mass and pressure or the gradient of expansion. According to Egs. (77)
and (79), the last term in Eq. (81) has to vanish:

curl([w, H]) (qp) = 0. (82)

It is a necessary condition for the consistent evolution of propagation. This condition
is satisfied with irrotational vorticity products of gravitomagnetic, but it is not
consistent with Eq. (79b):

1 1 1 1
Ecd(a07b)cwd - ZwaGa - Zwacﬁb - ZDb[wvw]a - ZDa[waw]b
1 1 c d [ d
+ EwbDQQ + EwanQ — € daU(pWey W — E @b U(qWeyW" = 0. (83)

Thus, the anti-Newtonian model is generally inconsistent with relativistic models.
Furthermore, there is no possibility of gravitational waves.

5.2.1. Vorticity potential

In an unexpansive spacetime, Eq. (79a) takes the following form:

C%, = curl(w), =0. (84)
It defines a vorticity scalar potential ¥ as
we =D, V. (85)

In the unexpansive anti-Newtonian model, the linearized vorticity is characterized
as the vorticity potential.

5.2.2. Anti-Newtonian limit

We may consider a gravitomagnetic model whose action propagates at infinite
speed. Let us define the anti-Newtonian potential as

Ha, = DDy ¥ = D, D, ¥ — %hubD2\I/ : (86)
We substitute Egs. (85) and (86) into Eq. (77b):
C?, =D, D*V — %DbhabDQ\p +D,¥(p+p)=0. (87)
In a spatial infinity, we derive the Helmholtz equation:
C’2ED2\IJ+g(p+p)\P:O. (88)

Equation (77b) associates the gravitomagnetic with the angular momentum
wa(p +p).
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6. Conclusion

The Weyl curvature tensor describes the nonlocal long-range interactions as en-
abling gravitational act at a distance (tidal forces and gravitational waves). The
gravitoelectric field is described as the relativistic generalization of the tidal
(Newtonian) force. However, the gravitomagnetic (anti-Newtonian) force has no
Newtonian analogue. We have no expression similar to Eab in the Newtonian the-
ory. This difference arises from the instantaneous action in the Newtonian theory,
which excludes a sounding solution. In Sec. 4, the rotation and distortion of the
Weyl fields characterize the gravitational wave. The gravitomagnetism is necessary
to maintain the gravitational wave. In relativistic models, the Newtonian force is
also inconsistent without the magnetic part of the Weyl curvature.
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