Bicategories and 2-categories
A 2-category A [Ehr, EK, Gr2, KS, ML] consists of objects a, b, c, . . . , arrows f : a --> b,
and 2-arrows θ : f ⇒ g : a --> b which can also be displayed thus
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together with vertical and horizontal composition operations
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These compositions are required to be associative and unital; moreover, horizontal
composition must preserve vertical units and the following interchange law is imposed.
(χψ) o(φθ) = (χ oφ) (ψ oθ)
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The basic example of a 2-category is Cat: objects are (small) categories, arrows are
functors, and 2-arrows are natural transformations. Indeed, the basic "five rules" for
composition of natural transformations appeared in the Appendix of [Gt].
There is a weaker notion of 2-category which occurs in practice. A weak 2-category or
bicategory [Bn1] consists of the data and conditions of a 2-category except that the
associativity and unital equalities for horizontal composition are replaced by the extra data
of invertible natural families of 2-arrows
α f , r , m : (m o r) o f ⇒ m o (r o f ) , λ f : 1b o f ⇒ f , ρ f : f o 1a ⇒ f ,
called associativity and unital constraints, such that the associativity pentagon (or 3-cocycle
condition)
α p , m , r of α pom , r , f = (1p o α m , r , f ) α p , m or , f (α p , m , r o 1f )
and unit triangle (or normalisation condition)
(1r o λ f ) α f , r , m = ρr o 1f
are imposed. In some of the recent literature, bicategories are called 2-categories and 2categories are called strict 2-categories.
A monoidal category V can be identified with the one-object bicategory ΣV whose
arrows are objects of V, whose 2-arrows are the arrows of V, whose horizontal
composition is the tensor product of V, and whose vertical composition is the composition
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of V.
There is a bicategory Mod whose objects are (small) categories and whose arrows are
modules [St5, St8] (= profunctors = distributors [Bn2] = bimodules [L2]) between categories.
An arrow f : a --> b in a bicategory is called an equivalence when there is an arrow g : b
--> a such that there are invertible 2-arrows 1a ⇒ g of and f og ⇒ 1b. A weak 2-groupoid is a
bicategory in which each 2-arrow is invertible and each arrow is an equivalence. A 2groupoid is a 2-category with all arrows and 2-arrows invertible. For each space X, there is
a homotopy 2-groupoid Π2 X whose objects are the points of X; it contains the information
of the fundamental groupoid Π1 X and the homotopy groups π 2 (X,x) for each x∈X. An
early application of 2-categories to homotopy theory occurs in [GZ]. In fact, C. Ehresmann
[Ehr] defined double categories and double groupoids , which generalise 2-categories in that
they have two types of arrows (see [KS]), and these also have proved important in
homotopy theory [Br].
While many examples occur naturally as bicategories rather than 2-categories, there is a
coherence theorem asserting that every bicategory is equivalent (in the appropriate sense)
to a 2-category [MLP, GPS].
There are several purely categorical motivations for the development of bicategory
theory. The first is to study bicategories following the theory of categories but taking
account of the 2-dimensionality; this is the spirit of [Gd, Gr2, K2, St3]. A given concept of
category theory typically has several generalisations stemming from the fact that equalities
between arrows can be replaced by 2-arrow constraints (lax generalization), by invertible 2arrow constraints (pseudo generalization), or by keeping the equalities; further equalities
are required on the constraints. A bicategory can thus be regarded as a pseudo-category, an
equivalence as a pseudo-isomorphism, and a stack (= "champ" in French) as a pseudo-sheaf.
In lax cases there are also choices of direction for the equality-breaking constraints. All this
applies to functors: there are lax functors (also called morphisms) and pseudo-functors (also
called homomorphisms) between bicategories; there are 2-functors between 2-categories
having equality constraints. It also applies to limits, adjunctions, Kan extensions, and the
like [Gd, Gr2]. One can use the fact that 2-categories are categories with homs enriched in
Cat; that is, V-categories where V = Cat [EK]. Some laxness is even accounted for in this
way: lax limits are enriched limits for a suitable weight (or index) [St2].
A second motivation comes from the fact that bicategories are "monoidal categories
with several objects". Included in this is the study of categories enriched in a bicategory
which leads to a unification of category theory, sheaf theory, boolean-valued logic, and
metric space theory [W, St5, St8, BCSW, P]. The generalization of Cauchy completion from
the metric space case is fundamental [L2].
A third impetus is the formalisation of properties of the bicategory Cat (as in the part
of category theory which abstracts properties of the category Set of sets) allowing the use
of bicategories as organisational tools for studying categories with extra structure (in the
way that categories themselves organise sets with structure). This leads to the study of
arrow categories [Gr1], adjunctions [K1], monads (= triples) [St0], Kan extensions [SW, St1],
factorization systems [St5, St6, St7, CJSV], and the like, as concepts belonging within a fixed
bicategory. Familiar constructions (such as comma categories and Eilenberg-Moore
categories for monads) made with these concepts turn out to be limits of the kind arising in
other motivations. In this spirit, one can mimic the construction of Mod from Cat starting
with a bicategory (satisfying certain exactness conditions) much as one constructs a category
of relations in a regular category or topos [St3, CJSV, RW]. The size needs of category
theory add extra challenges to the subject [St1, SW].
Low-dimensional topology enters bicategories from two dual directions. The
commutative diagrams familiar in a category laxify in a bicategory to 2-dimensional
diagrams with 2-arrows in the regions; and these diagrams, if well formed, can be
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evaluated, using the compositions, to yield a unique 2-arrow called the pasted composite of
the diagram [Bn1, Gr2, KS] . Two-dimensional graph-like structures called computads were
designed to formalise pasting [St2]. The planar Poincaré-dual view replaces pasting
diagrams with string diagrams; the 2-arrows label nodes, the arrows label strings (intervals
embedded in the Euclidean plane), and the objects label regions [JS, St10]. The planar
geometry of string diagrams under deformation is faithful to the algebra of bicategories.
Also see monoidal bicategories.

References
[Bn1]

J. Bénabou, Introduction to bicategories, Lecture Notes in Math. 47
(Springer-Verlag, 1967) 1-77.
[Bn2]
J. Bénabou, Les distributeurs, Univ. Catholique de Louvain, Séminaires de
Math. Pure, Rapport No. 33 (1973).
[BCSW] R. Betti, A. Carboni, and R. Walters, Variation through enrichment, J. Pure
Appl. Algebra 29 (1983) 109-127.
[BKPS] G.J. Bird, G.M. Kelly, A.J. Power and R. Street, Flexible limits for 2-categories, J.
Pure Appl. Algebra 61 (1989) 1-27.
[Br]
R. Brown, Higher dimensional group theory, Low dimensional topology,
London Math. Soc. Lecture Note Series 48 (ed. R. Brown and T.L. Thickstun,
Cambridge University Press, 1982) 215-238.
[CJSV] A. Carboni, S. Johnson, R. Street and D. Verity, Modulated bicategories, J. Pure
Appl. Algebra 94 (1994) 229-282.
[Ehr]
C. Ehresmann, Catégories et structures (Dunod, Paris 1965).
[EK]
S. Eilenberg and G.M. Kelly, Closed categories, Proceedings of the Conference on
Categorical Algebra at La Jolla (Springer, 1966) 421-562.
[GZ]
P. Gabriel and M. Zisman, Calculus of fractions and homotopy theory
Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 35 (Springer-Verlag,
Berlin, 1967).
[Gd]
J. Giraud, Cohomologie non abélienne (Springer-Verlag, Berlin, 1971).
[Gt]
R. Godement, Topologie algébrique et théorie des faisceaux (Hermann, Paris,
1964).
[GPS] R. Gordon, A.J. Power and R. Street, Coherence for tricategories, Memoirs of
the American Math. Society 117 (1995) Number 558.
[Gr1]
J.W. Gray, Report on the meeting of the Midwest Category Seminar in Zürich,
Lecture Notes in Math. 195 (1971) 248-255.
[Gr2]
J.W. Gray, Formal Category Theory: Adjointness for 2-Categories Lecture Notes
in Math. 391 (Springer, 1974).
[Ha]
M. Hakim, Topos annelés et schémas relatifs Ergebnisse der Mathematik und
ihrer Grenzgebiete Band 64 (Springer-Verlag, Berlin, 1972).
[JS]
A. Joyal and R. Street, The geometry of tensor calculus I Advances in Math. 88
(1991) 55-112.
[K1]
G.M. Kelly, Adjunction for enriched categories, Lecture Notes in Math. 106
(1969) 166-177.
[K2]
G.M. Kelly, An abstract approach to coherence, Lecture Notes in Math 281
(Springer-Verlag, 1972) 106-147.
[KS]
G.M. Kelly and R. Street, Review of the elements of 2-categories, Lecture Notes
in Math. 420 (1974) 75-103.
[L1]
F.W. Lawvere, The category of categories as a foundation for mathematics,
Proceedings of the Conference on Categorical Algebra at La Jolla (Springer,
1966) 1-20.
[L2]
F.W. Lawvere, Metric spaces, generalised logic, and closed categories, Rend.
Sem. Mat. Fis. Milano 43 (1974) 135-166.
3

[ML]
[MLP]
[P]
[RW]
[St0]
[St1]
[St2]
[St3]
[St4]
[St5]
[St6]
[St7]
[St8]
[St9]
[St10]
[SW]
[W]

S. Mac Lane, Categories for the Working Mathematician, Graduate Texts in
Math. 5 (Springer-Verlag, 1971).
S. Mac Lane and R. Paré, Coherence for bicategories and indexed categories, J.
Pure Appl. Algebra 37 (1985) 59-80.
A. Pitts, Applications of sup-lattice enriched category theory to sheaf theory,
Proc. London Math. Soc. (3) 57 (1988) 433-480.
R.D. Rosebrugh and R.J. Wood, Proarrows and cofibrations, J. Pure Appl.
Algebra 53 (1988) 271-296.
R. Street, The formal theory of monads, J. Pure Appl. Algebra 2 (1972) 149-168.
R. Street, Elementary cosmoi I, Lecture Notes in Math. 420 (1974) 134-180.
R. Street, Limits indexed by category-valued 2-functors, J. Pure Appl. Algebra 8
(1976) 149-181.
R. Street, Fibrations in bicategories, Cahiers topologie et géométrie
différentielle 21 (1980) 111-160; 28 (1987) 53-56.
R. Street, Conspectus of variable categories, J. Pure Appl. Algebra 21 (1981) 307338.
R. Street, Cauchy characterization of enriched categories, Rendiconti del
Seminario Matematico e Fisico di Milano 51 (1981) 217-233.
R. Street, Two dimensional sheaf theory, J. Pure Appl. Algebra 23 (1982) 251-270.
R. Street, Characterization of bicategories of stacks, Lecture Notes in Math. 962
(1982) 282-291.
R. Street, Enriched categories and cohomology, Quaestiones Math. 6 (1983) 265283.
R. Street, Categorical structures, Handbook of Algebra, Volume 1 (editor M.
Hazewinkel; Elsevier Science, Amsterdam 1996) 529-577.
R. Street, Higher categories, strings, cubes and simplex equations, Applied
Categorical Structures 3 (1995) 29-77 & 303.
R. Street and R.F.C. Walters, Yoneda structures on 2-categories, J. Algebra 50
(1978) 350-379.
R.F.C. Walters, Sheaves on sites as Cauchy-complete categories, J. Pure Appl.
Algebra 24 (1982) 95-102.
Ross Street
Macquarie University
N. S. W. 2109
AUSTRALIA
email: street@mpce.mq.edu.au

4

June 1998

Higher-dimensional categories; n-categories
For any natural number n, an n-category A [Ehr] consists of sets A0 , A1 , A2 , . . . , An,
where the elements of Am are called m-arrows; together with, for all 0 ≤ k < m ≤ n, a
category structure for which Ak is the set of objects and Am is the set of arrows where the
composition is denoted by a ok b (for composable a, b∈Am ); such that, for all 0 ≤ h < k <
m ≤ n, there is a 2-category with Ah, Ak, Am as set of objects, arrows and 2-arrows,
respectively, with vertical composition a ok b, and with horizontal composition a oh b. The
sets Am with the source and target functions Am --> Am–1 form the underlying globular
set (or n-graph) of A. For 0 ≤ k ≤ n and for a, b∈Ak with the same (k–1)-source and
(k–1)-target, there is an (n–k–1)-category A(a,b) whose m-arrows (k < m ≤ n) are the marrows c : a --> b of A. In particular, for 0-arrows a, b (also called objects), there is an
(n–1)-category A(a,b) which provides the basis of an alternative definition [EK] of ncategory using recursion and enriched categories [Kel]. It follows that there is an (n+1)category n-Cat whose objects are n-categories and whose 1-arrows are n-functors. For
infinite n, the notion of ω-category [Rob] is obtained. An n-groupoid is an n-category such
that, for all 0 < m ≤ n, each m-arrow is invertible with respect to the (m–1)-composition (for
n infinite, ∞ –groupoid is used in [BH] rather than ω-groupoid by which they mean something
else).
One reason for studying n-categories was to use them as coefficient objects for nonabelian cohomology. This required constructing the nerve of an n-category which, in turn,
required extending the notion of computad to n-computad, defining free n-categories on ncomputads, and formalising n-pasting [St1; Jo1; St2; Jo2; Pw1].
Ever since the appearance of bicategories (= weak 2-categories) in 1967, the prospect of
weak n-categories (n > 2) has been contemplated with some trepidation [ML; p. 126]. The
need for monoidal bicategories arose in various contexts especially in the theory of
categories enriched in a bicategory [W] where it was realised that monoidal structure on the
base was needed to extend results of usual enriched category theory [Kel]. The general
definition of monoidal bicategory (as the one object case of tricategory) was not published
until [GPS], however, in 1985, the structure of braiding [JS2] was defined on a monoidal (=
tensor) category V and was shown to be exactly what arose when a tensor product
(independent of specific axioms) was present on the one-object bicategory ΣV. The
connection between braidings and the Yang-Baxter equation was soon understood [T; JS1].
This was followed by a connection between the Zamolodchikov equation and braided
monoidal bicategories [KV3; KV4] using more explicit descriptions of this last structure. The
categorical formulation of tangles in terms of braiding plus adjunction (or duality) was then
developed [FY; Sh; RT]. See [Kas] for the role this subject plays in the theory of quantum
groups.
Not every tricategory is equivalent (in the appropriate sense) to a 3-category: the
interchange law between 0- and 1-compositions needs to be weakened from an equality to
an invertible coherent 3-cell; the groupoid case of this had arisen in unpublished work of A.
Joyal and M. Tierney on algebraic homotopy 3-types in the early 1980s; details, together
with the connection with loop spaces, can be found in [B; BFSV]. (A different non-globular
higher-groupoidal homotopy n-type for all n was established in [Lo].) Whereas 3-categories
are categories enriched in the category 2-Cat of 2-categories with cartesian product as
tensor product, Gray categories (or "semi-strict 3-categories") are categories enriched in the
monoidal category 2-Cat where the tensor product is a pseudo-version of that defined in
[Gy]. The coherence theorem of [GPS] states that every tricategory is (tri)equivalent to a
Gray category. A basic example of a tricategory is Bicat whose objects are bicategories,
arrows are pseudo-functors, 2-arrows are pseudo-natural transformations, and 3-arrows are
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modifications.
While a simplicial approach to defining weak n-categories for all n was suggested in
[St1], the first precise definition was that of [BD2] announced in November 1995. Other
apparently quite different definitions [Ba1; Ta] were announced in 1996 and [Joy] in 1997.
Both the Baez-Dolan and Batanin definitions involve differently generalised operads of P.
May [May] as somewhat foreshadowed by T. Trimble whose operad approach to weak ncategories had led to a definition of weak 4-category (tetracategory) [Tr].
With precise definitions available, the question of their equivalence is paramount. A
modified version [HMP] of the Baez-Dolan definition together with generalised computad
techniques from [Ba2] are expected to show the equivalence of the Baez-Dolan and Batanin
definitions.
The next problem is to find the correct coherence theorem for weak n-categories: what
are the appropriately stricter structures generalising Gray categories for n = 3? Strong
candidates seem to be the teisi (Welsh for "stacks") of [C1; C2; C3]. Another problem is to
find a precise definition of the weak (n+1)-category of weak n-categories.
The geometry of weak n-categories (n > 2) is only at its early stages [MT; F; KT; BL],
however, there are strong suggestions that this will lead to constructions of invariants for
higher-dimensional manifolds and have application to conformal field theory [Car; BD1; CY;
Mck].
The theory of weak n-categories, even for n = 3, is also in its infancy [DS; Mar].
Reasons for developing this theory, from the computer science viewpoint, are described in
[Pw2]. There are applications to concurrent programming and term rewriting systems; see
[St3; St4] for references.
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