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The purpose of this note is to provide a gentle' introduction to operads and other
related areas of contemporary mathematics by concentrating on an important example: the
process of parenthesising.

The bracketing® of a string abcde of entities a, b, ¢, d, e should produce a new entity
(abcde). This example shows bracketing as an operation of arity 5. We do not allow () or

(a). This leads us to the following notion of universal algebra. A parengebrais a set A

together with, for all n >2, exactly one n-ary operation
B,: A"N— A
subject to no axioms. Let K denote the category of parengebras and their homomorphisms.
The general associativity law implies that every semigroup is canonically a parengebra. In
particular, we have the parengebra N of natural numbers under addition
Bo(my,..., my)=my+...+m,
Write F(X) for the free parengebra on the set X. The elements of F(X) are built up

iteratively as follows:

(i) each xeX isin F(X);

(ii) if a;,...,a,eF(X) for n>2 then B,(a;,...,a,)eF(X).
Writing (a; ...a,) for B,(a;, ..., a,), wecan imagine elements of F(X) as wordsin X
(that is, elements of the free monoid X* on X) with brackets meaningfully inserted. This
provides the left adjoint functor F :Set — X to the forgetful functor U : X —— Set into
the category Set of small sets. Let K=U oF: Set — Set be the monad on Set generated
by the adjunction F — U. As with any forgetful functor from a category of universal
algebras, the functor U: X—— Set is monadic; we have an isomorphism of categories

K = SetK,

where SetK is the category of Eilenberg-Moore K-algebras. The concepts needed here can be
found in [ML].

Consider the functor R : Set — Set given by the power series

" A first course in category theory should be a sufficient prerequisite.

?We use the word “bracket”, interchangeably with “parenthesis”, for the symbols ( and ); the former word
conjugates better. For us, the symbols [ and ] are “square brackets”.
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R(X)=> X",
nx2

As with any endofunctor, an R-algebra is an object A of the category (Set in this case)
together with an arrow P :R(A) — A, which in this case is the same as a parengebra.
Write SetR for the category of R-algebras; we have the trivial identification:
K = SetR.
It follows that K is the free (pointwise) monad on the endofunctor R. As such, K is
expressible as a power series; that is, there is a sequence k;, k; ,k, , ... of setsand a
natural bijection
KX) = kg + kyx X + kpx X2 + kyx X3 + ...
We can take the set k, to consist of meaningfully bracketed words of length n. More
precisely, we can find the sets k, using the philosophy of clubs [K1]. This leads to the
expectation that the functor K can be recaptured from the free parengebra k = F(1) on the
singleton set 1 augmented by some “grounding” homomorphism. Let y:k——N bethe
unique parengebra homomorphism taking the element of the generating set 1 to the
natural number 1. This gives a grading of k according to the number of occurrences of
the generator in the bracketed word; that is,
ky=v"(n).

For any set X, the iterative construction of F(X) given by (i), (ii) can be interpreted as

a bijection
KX) =z X + KX)2 + KX)3 + KX)* + KX)® + . ..
These are the components of a natural isomorphism
K = 1g, + RoK
between endofunctors of Set. Moreover, we can apply a virtual sets argument to the
bijection of the last paragraph to obtain a “formula” for the k,, as mere sets. Put Y = K(X)
so that the bijection becomes:
Y = X+ Y2+ Y3+ Y+ Y +... =2 X+Y2x(1-Y)L
Multiplying on the right by (1 - Y) ! and rearranging, we obtain the quadratic isomorphism
2Y2 - 1+X)xY + X = 0.
Solving by radicals and choosing the meaningful minus sign, we obtain
Y = 1(1+X—(1-6X+X2)2).
Applying the binomial theorem, we deduce a bijection
KX)= X+ X2 +3X3+ 11X*+45X° + ...

If the reader is suspicious of virtual sets, at least this argument is valid in terms of

generating functions and so gives the cardinalities of ky,k;, ky, k3, ks, ks, ... as
0,1,1,3,11,45,... .



As an example, we see that for k,; there are the eleven bracketings occurring as in the

Stasheff pentagon K, :

%((ab)(cd)) W))

(((ab)c)d) (abed) (a(b(cd)))
abC
((abC)ckk (a(bed))
((a(bc))d) > (a((bc)d))
(a(bc)d)

From this cell complex representation, we see that it is natural to define the dimension of
an element aeF(X) to be n—2 where n is the largest natural number for which B, occurs
in the iterative construction of a from elements of X. Itis also natural to define the
boundary d(a) of aeF(X) to be the subset of F(X) consisting of those elements obtained
from a bymeaningfully inserting precisely one further pair of brackets. There is a partial
order on F(X) generated by a<b if acd(b). The dimension n of aeF(X) is the length of a
maximal descending chain a >a; >a, >...>a,.

The Stasheff pentagon arose in homotopy theory, specifically, in studying the structure

borne by loop spaces. This study was further advanced by May [M] who introduced the
concept of operad. We shall see that our sequence k = (k,) of sets is indeed a planar (or
non-permutative) operad.

Given two sequences p, q of sets, we define their substitution product po q to be the

sequence of sets

(peq)y = D PiX qm, XX Q. .

mq+...+m;=n
We regard a sequence p of sets as a functor from the discrete category N, whose objects
are natural numbers, to the category Set. The substitution product defines a monoidal

structure on the category Set!! of sequences of sets; the unit for substitution is the
sequence u with u; a singleton set and u,=@ for n=1.

A (planar) operad t is amonoid for the substitution product on Set!. Notice that the
unit for such a monoid is an element let; and the multiplication amounts to a collection
of functions

t X b, Xt X X by b
whose value at (t, 1, ..., 1;) isdenoted by 1t [tq, ..., T;], called the result of substituting
T,...,T; in 1, such that

l[tyyl=1, t[1,..., 1]=1,

tUnltgy o ng Lo il ot =l o wllvg 0ty T - T, 1

An operad morphism is just a monoid morphism in Set with substitution tensor

product.



Example 1 Let 4 be a monoidal category. Each object A of A gives rise to an operad t
=A(A), where t,=4(A®", A), and substitution
AA®,A) x AA®™,A) x...x A(A®™,A) —> A(A®",A)

is givenby (f,g;,...,8i) ——fo(g ®...®g;). The distinguished element of t; is of

course the identity arrow of A.

Example 2 Every operad t determines a strict monoidal category ¥, as follows. The

objects are the natural numbers and the homsets are given by

V,(m,n) = Ztmlx...xtmn.

mi+...+m, =m
Composition
T (n,j)x Y (m,n) — % (m,j)
takes (rnl,...,Inj,rml,...,rmn)etnl X Xty Xty X Xty t0

(T [Ty, s T, ]'Tnz[rmnlu' s Ty ..., T, [Tmn_njw"" Tm, 1)

where m;+ ...+ my,=m and n; +...+n;=n. The tensor product of V, is given on

objects by addition and on homsets

Vi(m,n) x ¥,(i,j) — Y (m+i,n+j)
by ((Tmﬂ""TmH ),(‘cil,...,rij ) —— (Tml,..., rmn,’cil,...,Tij). Clearly we recapture the
original operad t from the object 1€, by the construction of Example 1. Furthermore,
for any strict monoidal category 4 and A€, the operad morphisms ¢ :t—— A(A) are
in bijection with the strict monoidal functors M : ¥, — 4 with M(1) = A; the bijection is

determined by putting M(n) = A®" and taking the effect of M on the homsets ¥}(n,1)
— AM(n),M(1)) tobe 0.

Each operad gives rise to amonad. To see this, we identify each natural number nelN
with the set {0, 1, ..., n-1} and so obtain the natural sequence nat : N — Set. Left Kan

extension along the functor nat gives a functor
Ser : Set! — SetSet

given by Ser(p) = P, where
P(X) = ) p,xX"

n=0

is the power series with coefficient sets p,, n = 0. There is a monoidal structure on the

category Set¢' of endofunctors of Set given by composition of functors. A standard



calculation with power series shows that Ser is a strong monoidal functor; that is, it
coherently preserves the monoidal structures:

if P=Ser(p), Q=Ser(q) then PoQ=Ser(poq); also,

Ser(u) is isomorphic to the identity functor.
It follows that monoids t in Set! are taken to monads T =Ser(t) on the category Set. An
algebra for the operad t is defined to be an Eilenberg-Moore algebra for the monad T =
Ser(t).

Besides substitution product, there are of course other useful operations on sequences
of sets. The sum p + q of sequences p, q is given pointwise by (p + @), = Pn + qn ; this is
the coproduct of p, q in the category Set and, likewise, infinite sums can be considered.
The convolution product p *q of p, q is given by (p * @), = z p;xq;. Itiseasy to see

i+j=n
that the functor Ser : Set™ —— SetSet takes sum to coproduct and convolution product to
product. We can identify each set z with the sequence z given by zy =z and z,=0 for
all n>0. Then each sequence p of sets can be decomposed as a power series

p= 2 paru’”

n=>0

where u™" is the n-fold convolution power of the unit u for substitution product.

Example 3 Let u® denote the terminal sequence of sets; that is, each set in the sequence is

a singleton. This clearly has a unique operad structure. The monad Ser(u*) on Set is
given by the full geometric series
X" = X"
n=0
The elements of X* are written as words in the alphabet X. The algebras for the terminal
operad are the Eilenberg-Moore algebras for the geometric series monad, and so are

monoids (in Set with cartesian product).

Example 4 Let z be any set. Consider the sequence z + u of sets given by

z for n=0
(z+u), =<1 for n=1
0 for n>1.
There is a unique operad structure on u + z for which the substitution (z+ u); x (z+ u),

— (z + u)y is the second projection. The monad Ser(z + u) takes X to the monic
polynomial z + X of degree 1. The monad structure on Ser(z + u) is induced by the
canonical monoid structure on the arbitrary set z with respect to the coproduct as tensor

product on Set. The algebras for the operad z + u are sets A together with a function
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z + A — A whose restriction to A is the identity; that is, the algebras amount to

functions z — A out of z. The category of algebras is the category z/Set of sets under z.

Example 5 Any monad T on Set admits a distributive law [Bk] with the monad

Ser(z+u) of Example 4; that is, there is a natural transformation A : Ser(z+u)oT

— ToSer(z+u) satisfying axioms ensuring that T lifts to a monad on Ser(z + u)-algebras,

and that ToSer(z+u) gains a monad structure whose algebras are the same as the algebras
for the lifted monad; in this case, the category of these algebras is just the category z/Set?
of T-algebras under z. The component Ay: z+ T(X) — T(z + X) of A at X is constructed
from the unit of T at z and T of the inclusions of z, X in z + X. Suppose now that T =
Ser(t) for some operad t. Then ToSer(z+u) = Ser(te(z+u)) for the operad to(z+u)

calculated as follows:

(ToSer(u+z))(X)= Ztn X (z +X)"

n=0

3 e g (1) e

n=>0 m<n

=)ty x Y (n] Z"TM x X™
n=0 m<n m

=Ser(to(z+u))(X)
n+m

where (to(z+u)), = ), [ J them X2z". We shall not bother explicitly describing the
0<n

m

substitution operation of to(z+u) except in the special case of the next example.

&

Example 6 As a particular case of Example 5, take t=u" to be the terminal sequence as

discussed in Example 3. Then TeoSer(z+u) is the monad given by

(ToSer(z+u))X) =(z + X)™.
The operad to(z+u)=(z+u)* is given by taking (z+u)*,, to consist of those elements of
the free monoid (z + 1)* which are words in elements of z and the symbol 0 with exactly
m occurrences of 0. For we have the natural bijection

(z+X)* = 2 (z4+u)'mxX™

m=>0

ap Xy a1 X Ay -+ . - Apq X Ay | ((@g0a;0ay...a,10ay), (X, Xp, -+, X))

where the ay, a;,...,a,ez™ and xq, Xy, ..., X,£X. We have the substitution functions
k * ES % k
(z+u)'ixX(z4+u) m; X(z+U) ' m, X...X(z+U) ' m; — (Z+U) m;+my+...+m,
(a,bl PN '/bi) P aobl a1b2 ay .. .ai_lbi a;
where a= ay0a;0a,...a;10a;. The distinguished element of (z+u)*; is of course 0el.
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Proposition1 Free monads on power series endofunctors of Set are all of the form
Ser(t) for an operad t.

This will follow from Proposition 2 which we lead in to by recalling the result of
Michael Barr (see [K3]) that the free monad on any endofunctor P on Set is the monad
generated by the underlying functor Set? — Set from the category of P-algebras and its left
adjoint. Let P be a power series endofunctor of Set with coefficients given by the
sequence p of sets. We regard the elements of p, asn-ary operations. A P-algebrais a set
A together with, for each neN and each wep,, a function A™ — A which is also
denoted by ®. The left adjoint of underlying functor Set’ — Set can be described
iteratively as we did earlier for the case P =R. Then the adjunction generates the free
monad on P. We shall give another construction’ related to Example 6.

Consider the free monoid (P(1)+X)* on the set P(1)+ X and regard the set Z of

integers as a monoid under addition. Let (_) : (P(1)+X)*—— Z be the monoid hor

morphism given on generators by:

x=-1 forall xeX and ®=n-1 forall wep,.
Call ae(P(1)+X)* well formed when

(i) a=-1, and

(ii) a=bc implies c<O0.
Let WP(X) denote the subset of (P(1)+ X)* consisting of the well-formed words. We can
equip W,(X) with the structure of P-algebra by defining

w(@,...,a)=maj...a,

for all wep, and aj,...,a,eW,(X). Tosee that wa ...a, is well formed notice that

(i) oay...a,=w+a;+...+a,= M) +E)+...+(xl) = -1 and

(ii) if a;=Dbc, then cai+1...an:E+ai+1+...+i:E+(—1)+...+(—1):E+(i—n)<0.
Proposition 2 W ,(X) is the free P-algebra on the set X.

Proof Given afunction f: X— A into a P-algebra A, we must show that there exists a
unique extension of f to aP-algebra homomorphism g:W ,(X) — A. That is, we must
show that the equations

g(x) =£f(x) for xeX,

glwa;...a,) = o(gla),...gl,) for wep, and a;,..., aneWp(X),

® The criterion for when an expression in a universal algebra, written in Polish notation, is well formed I
learned from Samuel Eilenberg. I believe it is an exercise in Bourbaki.
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uniquely determine g satisfying the equations. To define g(a) for aeW (X), we use
induction on the number r of occurrences of elements of P(1) in the word a. By well
formedness, if r =0 then aeX and the definition g(a)=f(a) is forced. Suppose r >0. By
well formedness, a must have length >1; so put a=tb where teX+P(1). But b<0 and
t+b=-1; so t>-1; so tep, for some n =-b and we can write b=¢; ..., where
a =...= a =-1. Since a is well formed, it follows that ¢y, ..., cneWp(X). Define
g(@) = o(glc), ... glc))

as we are forced to, and can do since each ¢; has fewer than r occurrences of elements of
P(1). It remains to prove that g is a P-algebra homomorphism, but that is a direct

inductive argument. Q.E.D.

To construct the operad from W, notice that N becomes a P-algebra by taking each

n-ary operation to be n-fold addition. pThem we obtain a P-algebra homomorphism

Y Wp(l) — N
which restricts to the function 1—— N whose value at the one element 0 of 1 is 1eN.
So 7y(a) is the number of occurrences of the element 0 of 1 in the word a. Let t,=vy !(n)
be the fibre of y over n. If weput z=P(1)=py+ p; + p, +. .. wesee that W, isa
submonad of the monad Ser(z+u)* described in Example 6. Furthermore, the gradings

are respected so that t is a suboperad of (z+u)*.

Corollary 1 The operad t is free on the sequence p of sets. The monad T =Ser(t) is

free on the endofunctor P.

Proof Suppose o is an operad and 6, :p, — o, are functions for all n >0. We can

n

make Zom into a P-algebra by defining, for each wep,, a function
m20

®: (Don) = Yoy X...X0o, — Yo
m=0 my,...,my m=0
by ®(vy, ..., v,) =60,(®)]vy, ..., v,]. By Proposition 2, there is a unique P-algebra homo-

morphism ¢ : W (1) — Y o,, determined by ¢(0) = leu;. This clearly respects the

m20
gradings and so gives functions ¢,:t,— 0, . Since ¢ isa P-algebrahomomorphism, the
functions ¢,, neN, commute with the substitution operations and ¢; preserves the
distinguished object. So (¢,) is the unique operad morphism extending (6,).
The free monad on the endofunctor P on Set is the monad generated by the

underlying functor Set” — Set and its left adjoint. By Proposition 2, this left adjoint is



provided by W,. It is easily seen that the monad structure transports across our

isomorphism W, =Ser(t) to the monad structure induced by the operad t. Q.E.D.

In particular, taking the sequence r of sets given by r,=0 for n=0,1 and r,=1 for
n > 2, so that the power series endofunctor Ser(r) is R, we obtain a parengebra
isomorphism
W, (X) = F(X),
an operad structure on k producing the monad structure on K = Ser(k). (A topological

version of k is the Stasheff A_-operad.)

We shall make a connection with free monoidal categories on certain® tensor schemes

[JS]. Take peSet". Consider the tensor scheme Q)p with one object D and one arrow

o : D® —D
for each natural number n and each wep, We represent the arrow ® by a planar string

diagram where there are n input strings above the node ® and 1 output string below”.

Let Q)p* denote the free strict monoidal category on the tensor scheme 2),: the objects are
of the form D®" for neN and the arrows can be identified with the deformation classes of

planar string diagrams generated by those representing arrows of . Write Mon(@p*, Set)

for the category of (strong) monoidal functors from the monoidal category Q)p* to Set

with its cartesian monoidal structure. Clearly there is an equivalence of categories

Set!” —=— Mon(D,", Set).

Corollary 2 If t is the free operad on the sequence p of sets then there is a monoidal
isomorphism

D=,
taking D to 1 and ©:D®"—D to 00...0et,=V,(n,1) for wep,.

Proof We must prove that, given a strict monoidal category A, an object A of A4, and

* One might call them opetopic [BD] tensor schemes or multigraphs.
®* Here we take the progressive direction to be downward which is opposite to [JS] but the same as [S].
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an arrow f,:A®"—— A for each wep,, there exists a unique strict monoidal functor M :

V,— A with M(1)=A and M(®0...0) = f,. Since t isthe free operad on p, there isa

unique operad morphism ¢ :t—— A(A) (see Example 1) whose restriction to p is given
by @ — f . By Example 2, this operad morphism determines a strict monoidal functor M

as required. Q. E. D.

The arrows of Q)p* can be identified with p-labelled (planar) forests. To see this, recall
from [JS]how the general string diagrams are built from the generators in D, We take

some arrows from 9, and some identity strings and tensor them; this amounts to placing

the representing string diagrams next to each other. Here are two examples.

1Yy

Next we stack such diagrams vertically splicing each lower loose string of one diagram with

precisely one upper loose string of the diagram below. The two example diagrams are

composable and the composite is represented as follows.

But such a planar diagram can be replaced by a more combinatorial structure. We can
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represent this last composite by a diagram

] O O

where we have removed the bottom loose strings, put square nodes on the top loose
strings, and shortened the strings so that they connect nodes of consecutive height. We
must remember that, although we have omitted it from the diagram, each round node
with n strings attached at top is labelled by an element of p,. The structure that arises in
this way is precisely a planar forest; thatis, a functor f : [K]P — A where A is the
category whose objects are the linearly ordered sets [k]={0, 1, ..., k}° and whose arrows are
order-preserving functions. Such a functor gives linearly ordered sets f(i) for 0 <i< k
(whose elements are called vertices of f of height i) and order-preserving functions f; :
f(i+1) — £(@i) for 0<i <k. In our example, £(0)=[5], £(1) =[6], £(2) =[7], £5(0) =f,(1)=1,
f0(2) =£,(3) =fo(4) =3, £;(5) =£y(6) =5, £;(0)=£,(1)=£,(2)=0, £;(3) =£,(4) =3, £,(5)=£,(6)
=f,(7) =6. A forest f:[k]°°P — A is called a tree when f£(0) = [0]. Each forest can be
identified with a linearly ordered set of component trees: the number of component trees is
n where f(0) = [n-1].

For a forest f : [K]°P — A of height k, avertex vef(i) is called aleaf when the fibre
of f; over v isempty. Notice in our example that the square nodes are all leaves; but
there are also two round nodes that are leaves. Let p be a sequence of sets. A labelling of a
forest f in p assigns to each vertex vef(i), which is not a leaf, an element o(v)ep,
where n >0 is the cardinality of the fibre of f; over v, and assigns to some leaves vef(i),
which are not of height k, an element w(v)epy. A leaf which is not labelled will be called
fallen; so all leaves of height k are fallen. A forest together with a labelling in p will be
called a p-forest.

This leads to our new view of the strict monoidal category’ ’Dp*. We see that the
arrows D®M—— D® can be identified with p-forests having m fallen leaves and n

vertices of height 0. The tensor product of two p-forests is given by placing them next to
each other in the plane; we shall not describe it combinatorially. Composition is given by

grafting: we shall just give an example. Let us take the following example of two

® We include the case k =-1 so that [-1] is the empty set.
"1 dedicate the identity arrow of the tensor unit to the Harris-Daishowa company.
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composable p-forests.

@ O O ®

Their composite is the following p-forest in which the component trees of the top forest are

grafted on at the fallen leaves of the bottom forest.

From this, we deduce another view of the free operad t on p in which elements of t, are

identified with p-trees with n fallen leaves.

A view of Q)p* that even a computer can understand can be obtained using rewrite

systems [S]. The basic p-forest
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m fallen leaves

1 fallen leaves r fallen leaves

can be identified with triplets (1, ®, r) where 1, m, r are natural numbers and wep,,.

Consider the directed graph G, whose vertices are natural numbers and whose edges are
the expressions

(w,1): a—Db
where a, b,r are natural numbers such that r<b<a +1 and wep,, where m =a-b + 1.
The idea is that each e p,, is regarded as the name of a (first-order) rewrite rule and (®, r)
: a— b represents an allowable application of the rule; I=b—-1-r and r are the left and

right “whiskers”, respectively. We introduce some (second-order) rewrite rules on directed

paths in the graph G,

(o,1)

b (0QrQ

(0©r@ a-b) A—bac (o,1) c

for r<r@C

It is easy to see that the p-forests corresponding to the top and bottom of this rewrite rule
are equal. Two directed paths in G, with same source and target are said to be equivalent
when there is a sequence of applications of the (second-order) rewrite rules which takes

one path to the other. A directed path

(o, 1) (0,1,) (@,,r)
ao al o . .% a

n

is said to bein normal form when r;>r;; for 1<i<n. Each directed path is equivalent to
a unique path in normal form; indeed, the normal form can be achieved by directed
applications of the (second-order) rewrite rules (the proof of confluence and termination is

similar to the case considered in [S]).
In this way, we obtain a strict monoidal category isomorphic to Q)p*. The objects are

natural numbers and the arrows are equivalence classes of directed paths in G, The
composition is induced on equivalence classes by concatenation of paths. The tensor
product a ® b is given on objects a, b byaddition a+ b of natural numbers. The functor

c® — is given on arrows by
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c® [((Dn/ rn) ... 0 (('01/ rl)] = [((Dn/ rn) ... 0 (('01/ rl)]
and the functor — ® d is given on arrows by
(wyr)e... o(w, r)]®d = [(0, ry+d)e... oo, r; +d)];
the tensor product t® p: a® c——b®d of two arrows w:a——b, p:c——d is then
given by either route around the following square, the commutativity of which is precisely

what we have achieved by our equivalence relation on paths.

T® C
a®c >b ®c
a®p b ®p
a®d »b ®d
t® d

We now want to define an order inspired by the order on F(X) coming from the
Stasheff polytopes. Suppose the sequence p of sets is equipped with a “substitution into
the i-th position” operation

sub; : PmXPn™ Pm+n-1
for 1 <i<m, written subj(w,t) = ®A;T. This allows us to define an order on the sets
WP(X). Let < be the smallest reflexive transitive relation such that awbtc < a(mwA;T)bc
whenever ®, t€P(1) and b is a product of i—-1 well-formed elements of the monoid
(P(1)+ X)*. Notice that, under these conditions, ambtc is well formed iff a(wA;T)bc is well
formed. Also, the order is antisymmetric and satisfies the ascending chain condition (since
the length of the word a(wa;t)bc is one less than the length of awbtc). The number of
elements of X occurring in the word awbrtc is the same as in a(wa;t)bc; so the order
respects the grading y : W (1) — N, yielding a sequence t of partially ordered sets t,,

n =>0.
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