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Figure 1: Saunders MAC LANE and Samuel EILENBERG

Part I
Introduction to category theory and links
with knot theory

1 Introduction

1.1 Aim and History

Perhaps the purpose of categorical algebra is to show that which is trivial is trivially
trivial.

Peter Freyd

Category theory is a recent field in algebra ; set up by Saunders MAC LANE and Samuel
EILENBERG (cf picture) in the 40’s, it was aiming at formalising algebraic topology, but quickly
became an interesting field on its own.

Saunders MAC LANE seems to be the first to consider category as more than a useful tool
as he was the first to use a usual lower-case symbol to designate a category [1].

Plan : In this first part ( mainly based on [8] and [3| ) we are trying to show how category
theory may build relationships between what appears to be very distinct fields : Knot theory
and linear algebra.

The second part is a compendium of exercises from Categories for the working mathemati-
cian |5] dealing with a wide array of different kind of mathematics with the categorical point
of view.



1.2 What is a Category
Definition 1 ( Category)

A Category may be seen as a graph ( with object set O and arrow set A with functions
giving the source (domain) and target (codomain) of each arrow ) equipped with extra
structure allowing to compose pairs of arrows which follows one another.

More formally, it is a graph A = O together with :

e For all object a, an arrow 1, : a — a.

e For all triple of objects (a,b,¢), a map o : Hom(a,b) x Hom(b, ¢) — Hom(a, ¢) where
Hom(z,y) = {f € A | domain f = z and codomain f = y}. (We will denote o(f, g)
by go f or merely gf)

such that :
o for f:a— b, one has l,0of=f= fol,.

e for all f,g and h arrows such that codomain f = domaing and codomaing =
domain h, one has (hog)o f=ho(go f).

The arrows are also called morphisms or maps. The use of "morphisms" homogenise the
nomenclature since we use the terms isomorphism, endomorphism and automorphism.

Remark

A one-object category is a (associative unitary) monoid where multiplication is the com-
position, hence a categories may be seen as a generalisation of monoids.

Examples

e The category Rng of rings has objects : rings (within a big set U) and arrows : ring
homomorphisms between those. The composition is the usual composition, since the
composite of two ring homomorphisms is an homomorphism.

e The category of sets has object the sets (within a big set U) and arrows the functions,
the composition is the usual composition.




2 Functors and Natural Transformations

2.1 Functors an product of categories
Definition 2 (Functor)
A functor F from a category A to a category B is the data of

e A function (also called F') O4 — Op on objects

e for each pair of objects (a,a’) in A, a function (also called F) Hompy(a,a') —
Homp(F(a), F'(a))

such that for all pair (f, g) of composable arrows in A, it satisfy :

T(go f) =T(g)oT(f)
Definition 3 (Product Category)

Given two categories A and B, one may construct the product category denoted Ax B whose
objects are pairs in O 4 xOp and arrows are pairs of arrows : namely Hom g ((a,b), (a',0')) =
Homy(a, a’) x Homp(b, b')

Remark

This product is in fact a categorical product in Cat since it has the universal property
Hom(A x B,C) 2 Hom(A, C) x Hom(B, C), naturally in the category C. See 7.1.3.

2.2 The very natural idea of natural transformations

2.2.1 Definition
Definition 4 (Natural transformation)

Given two functors T,S : A — B, a natural transformation o from T to S (denoted
o : T—=8) is a family of arrows o, : T'(a) — S(a) for a object of A such that if f:a — d
then o, T(f) = S(f)0oa.

Which can be expressed by the following commutative diagram :

2.2.2 Natural isomorphism

Definition 5 (Natural isomorphism)

A natural transformation o : T—— S is a natural isomorphism if each o, is an isomorphism
in B.




Remark

There is a law of (vertical) composition of natural transformations, for which natural
isomorphism are the invertible isomorphism. (where the identity natural transformation
on a functor T': a — b is the family of identity of T'(a) in B.) [5] chapter 2 p. 42

Natural isomorphism is the strongest relation that can link two kind of objects (having
a functorial construction) because the axioms of a category merely do not allow to derive
equalities of functors.
Examples
The main example could be the natural isomorphism (A x B) x C =2 A x (B x C) (in the
categories of sets, topological spaces, monoids, groups, rings, vector spaces ...)

It states that one can associate a unique pair ((a,b),c) to each pair (a, (b, c)) € A X
(B x C) ( that’s for the "iso" part) and that this association does not depend on A, B and
C', it would have been defined the same way with other objects : It is "natural".

Another useful example for the understanding of natural isomorphism is the bijection
in Set between C4*P and (CP)4 :

(a,b) — f(a,b) e~ b (a— f(a,b))

which definition also do not depend on A, B and C.

3 Monoidal Category

3.1 Axioms

3.1.1 Definition
Definition 6 (Monoidal Category)

A monoidal category is a category M equipped with :

afunctor @ : M x M —- M

an object I of M.

a collection of isomorphisms ay pc: A® (B®C) S(A® B)®C, for A, B, C objects
of M, which is natural in A, B and C.

a collection of isomorphisms A4 : I ® A= A which is natural in A object of M.

a collection of isomorphisms p4 : A ® I = A which is natural in A object of M.
such that
® YA BC®D © XA®B,C,D — (1A X OéB,C,D) O XA BRC,D © (OéA,B,C X 1D)-

o (la®Ap)oaarp=pa® lg.




Examples

(Vecty,®, K).

(Ab,®,7).

e More generally (R-Mod, ®, R) for R commutative ring.

Z=A{--,-1,0,1,2,---} as an ordered set with n®m = n+m and so (a < b)®(c <
d) = a+ ¢ < b+ d for arrows.

In the following, we may only consider "strict" monoidal categories : monoidal categories
in which «, p and X are identities.

3.2 String notations

Usually morphisms are written as arrows, but Roger PENROSE introduced the string notation

a

Cf) stands for a L b

b

stands for a®Rb——c

/
stands for a®b—cRdRe




/
stands for I —cRd®e

3.3 Duality between objects

Definition 7 (duality in a monoidal category)

In a monoidal category (M, ®, I, «,p,\), a duality between two objects a and b is a pair
of morphisms :
e:a®b—1 and d:I—-b®a

satisfying (ignoring «) the commutation of the followings diagrams :

el 2% iobea S I®a Tob L poaob 2%l

~O T N

Using string notation, the two axioms can be translated this way :

and



Examples

e In the category FinVectk of finite dimensional vector spaces over K, with usual
tensor product and neutral element K, the usual duality V — V* = L(V,K) is a
duality in the categorical sense with

e: VeV ' -K 2@ f— f(x)
and

d:K—=V"eV 1!—>va®vi
where (v;); is a basis of V' and (v}); is the usual dual basis.

e The category Hlb of Hilbert spaces with morphisms continuous linear maps with
dual H — {f : H — C | f continuous and linear } is a duality.

4 Braids and Tangles

4.1 The Braid Category

4.1.1 The group
Definition 8 (Braid Group)

The Braid group of n-strands braids can be defined by generators and relations as follows

By = (B1,-+, fn1|(1) and (2))
Where the properties are :

(1) for all i < n, one has B;8;4+10; = Bi+18:Bi+1-
(2) for all ¢, j < n such that i — j > 1, one has §;8; = 5;0;.

Remark

With extra property (3) : Vi, 3? = 1, then the group becomes the permutation group
G,,. Therefore B,, can be seen as a group of permutations for which one remembers every
transposition being used : If we consider a game of three-card trick, the permutation group
only focus on the final state compared to the initial one, while the braid group remembers
every transposition the gamer has made.

4.1.2 Category
Definition 9 (Braid Category B)

This category is the one where objects are natural numbers 0,1,--- and Hom-sets are
B(n,n) = B, and B(n,m) = () for n # m.

10



4.1.3 Structure of Monoidal Category

We can construct a tensor product ® on B :
BxB — B
(n,m) +— n+m

With the following definition on arrows (braids) :
\// N \// \/
AN Y XN

In this construction «, A, p are identities. Moreover the braiding 7, , is given by :

n m

— A — A
la N )
Y

4.1.4 Freedom
Proposition 1

The braid category B is the free braided monoidal category generated by a single object.

Let’s call this object 1, the braiding 7, ; gives a braid :

/
(

which generates all braids via tensor product and composition : §; € B, can be written
12070 @ 4, ® 19~ and so by definition it generates B,,.

It yields that given a braided monoidal category (M, ®, 1) with an object a, there is a
unique tensor preserving functor 7 : B — M such that T'(1) = a.

In fact, there is a stronger result that may be stated this way :

Proposition 2

For all braided monoidal category M, there is an equivalence of categories :
B.StMon(B, M) = M

Where B.StMon is the category of braided monoidal categories with arrows the func-
tors preserving their structure ("St" stands for "strong"), hence B.StMon(B, M) is the
category of functors B — M preserving the braiding and the tensor product.

11



Proof: First the statement is equivalent to the previous one with a good definition of freeness :
in our case we can say that an object f € C is free if one has a bijection C(f, a) = Set(x, Ua)(=
Ua) natural in a € C. Moreover this bijection can sometimes be made into an isomorphism in
C when C(f,a) is an object of C.

It is the case in Grp (with free object Z), Mon (with N) or Vectx (with K) ; and also
BStMon.

About the equivalence of category, it is given on objects by F' — F(1) and o — «; on
arrows. Conversely given a a € M, let’s define F : B — M by F(n) = F(19") = a®".

And in order to define F' on braids it suflice to describe F' on ; for all 7 in N as done
before.

Those two construction are exactly inverses of each other so we have a stronger result M
and BStMon(B, M) are isomorphic as categories and hence equivalent. |

4.2 Yang-Baxter operators

Definition 10 ( Yang-Bazxter operator)

A Yang-Bazter operator on an object a of monoidal category M is an isomorphism vy :
a®a— a® a, such that the following diagram commutes (ignoring «) :

y®1 1®y
a®3 a®3 a®3

Any braiding + in a monoidal category gives a YB operator for each object a : y = 7,4

Definition 11 (Category of Yang-Baxter operators [4])

Given a monoidal category (M, ®,I), the category YB(M) has objects : couples (V,y :
VeV =V &®V)where V is an object of M and y a Yang-Baxter operator on V.
A morphism of Yang-Baxter operators (V,y) — (W, z) is a map f : V — W such that

(f@fHy==2faf)

Proposition 3

B is the free monoidal category generated by an object bearing a non-trivial YB-operator.
Which means that for any monoidal category M :

StMon(B, M) =~ YBM

Where StMon(B, M) is the category of tensor preserving functors from B to M.

Proof: The idea is the same that the previous proposition : The first part is obvious since the
objects are of the form a®" for n € N and then the YB-operator u : a ® a — a ® a define a
braid with the inductive definition (modulo «):

®R(m—1
Ya®n q@m = (1a ® 7a®n7a®(M*1))(r7a®”,a ® 1lq N ))
Ya,a = u

12



Now given any monoidal category M and object a € M equipped withan YB : y : a®a — a®a,
there is a unique tensor-preserving functor Y : B — M such that Y (1) = a and Y (u) = y. It
maps the object 19" to a®™ and a braid b = [ @ u®’ to [[ ® y*". |

4.2.1 Representation

Application to M = FinVectc. Given V' a C-vector space of finite dimension, and e; a basis
of V, then (e; ® ;) is a basis of V ® V.
Let ¢ € C*, we define the following map V@V -V @V :

gei®e;+(1—q)e;®e; ifi>j
Rq16i®€jH qe e, le:j
gei®e;+(1—qgl)e®e i<y

We can show that R, is a YB-operator on V' (its inverse is R,~1 ) and then the equivalence

of categories above gives a tensor-preserving functor 7, : B — FinVect¢ sending the Hom-set

B, to a submonoid of M,,(C) which is then a group and so a subgroup of G/, (C).
Therefore those YB-operators gives matrix representations of B,,.

4.3 Trace
Definition 12 (Trace)

Let f: A — A be an endomorphism in a braided monoidal category (M, ®,I). We define
Tre(f) : I — I the trace of f by Tr(f) =ey(1® f)d :

] —AARA— A" RA—ARQA" — I
d 1®f v e

Let consider, given a monoidal category (M, ®,I) the subcategory C with a unique ob-
ject I and Home (I, 1) = Homy,(I,I). This category also is a monoidal category with the
"induced" (modulo isomophism) tensor product from M with: I@ I =T and f@g: 1 — 1.

4.4 Tangles

The construction of the tangle category uses [3].
Definition 13 (Geometric Tangle)

Let P be the euclidian plane, and let consider X = P x [0, 1] seen as a subspace of R3. A
geometric tangle is a compact oriented manifold of dimension 1 in X with its borders in
P x {0,1}.

Example

In the figure 2, the border of the tangle (dots) can be labelled + or — with the induced
orientation from the tangle in P x {1} and the opposite from the induced orientation in
P x {0}. ( cf. Figure 3)

13



Figure 2: An example of geometric tangle

+e
+

Figure 3: Example of orientation-labelling of the point
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Definition 14 (Tangle)

A tangle is an equivalence classe of geometric tangles up to homotopy equivalences with
fixed extremities and where the extremities of each side are aligned and equidistant (resp.
in P x {0} and P x {1}).

Definition 15 (Autonomous braided tensor category of tangles)

Let T be the category with objects words on the alphabet {4, —} and arrows tangles
between those.
Tensor product and composition are as for braids. The braiding is given by :

-+

And the autonomous structure (existence and unicity up to isomorphisms of adjoints (
simultaneously left and right adjoints)) is given by e and d as follows :

where the dual of (+ —+) is (— + —).

Remark

e Tangles exists only between objects with the same parity of length and if satisfying
some conditions stating there is always a source and a target for each path.

e 7(0,0) is the set of oriented links (i.e. knots using several strings)
e The braid category can be seen as a subcategory of T with n — +©".
e The trace of a tangle (in particular of a bread) is the Markov closure ( cf. Figure 4

) which is an oriented link.

Now given a tensor preserving functor F': 7 — FVectc, it maps oriented links Hom (0, ()

to complex numbers (in fact elements of Hompyeq. (C, C)), thus giving invariant of links.

15



Figure 4: Markov closure of a braid (using its embedding in 7)

5 Conclusion

The Penrose notation applied to monoidal categories makes it totally explainable with braids.
Similarly, Tangles must have a freeness property among differently structured categories than
braided monoidal ones. The question is what should this structure be (stronger or weaker
than braided monoidal) because the free vector space on a set is "smaller" than the free group
which is "smaller" than the free monoid, but the free algebra is more complex because it
already involves the free group.

The understanding of those free elements (and mainly the free element over a one-object
set) is very fruitful for picturing the structure of those categories. However, it demands that
the freeness property can be expressed in a much stronger way that the usual adjunction in a
category C with a forgetful functor U : C — Set :

Home(f, a) = Homget (%, Ua)

16



Part TI
Exercises from Categories for the
Working Mathematician |5|

6 Categories, Functors and Natural Transformations

6.1 Exercises on sections 1, 2 and 3 p.15

6.1.1 TUsual constructions seen as functors
Exercise

Show how each of the following constructions can be regarded as a functor:
e The field of quotient of an Integral domain

e The Lie-Algebra of a Lie-Group

1) Let C be the Category of integral domains but with injective mappings only. And
consider the map : Frac:A — Frac(A) = A x A*/ ~. Where (a,b) ~ (c,d) if and only if
ad = bc. We denote the class of (a,b) by a/b.

If Bisin C and f : A < B then let z = a/b be in Frac(A) we define Frac(f)(x) =
f(a)/f(b). As b# 04 then f(b) # 0p and Frac(f) is well-defined.

In fact as f is one-to-one into, and as B < Frac(B) then there is an injection A —
Frac(B), but by the universal property of the field of fractions, there is also a one-to-one into
map Frac(A) — Frac(B) such that the unwritten diagram commutes.

Anyway the result is false for the whole category of integral domains : Let A =Z and B =
Z]TZ, then there exists a morphism f : A — B but there is no morphism from Q = Frac(A)
to B = Frac(B) because ring-morphisms on fields need to be injective.

2) Let LieG be the category of lie-groups, with arrow the differentiable group homomor-
phisms.

Given a Lie group G of dimension n, one can consider the space I(G) of vector fields on
G. Tt is a lie-algebra with bracket the commutator of vector fields.

Given a morphism of lie-groups f : G — H, it yields an application F' : I(H) — I(G)
given by F(X) = X o f. This is therefore a morphism of lie algebras.

Given an element g € G, the left translation by g, l, : G — G gives an automorphism L,
of I(G). The set of fixed points under all these automorphisms is the lie algebra of GG, denoted
L(G).

Consequently again if f : G — H is a morphism of lie groups, F' : I(H) — I(G) is a
morphism of lie algebras and moreover it commutes with the translations in the following
sense : LyF' = FLg(,. Then it induce a morphism of lie algebras L(F') : L(H) — L(G).

As composition is respected, L is a (contravariant) functor from the category of lie groups
the one of lie algebras.

17



6.1.2 Functors from the first ordinals
Exercise

Show that functors 1 — C, 2 — C and 3 — C correspond respectively to objects, arrows
and composable pairs of arrows in C.

1) Let consider ¢ : Hom(1,C) — C defined by ¢(F) = F(0) where 0 is the unique object
of 1. This is obviously a bijection, as a functor F' € Hom(1, C) is totally defined by the datum
of F'(0), and that for all objects x € C we can consider a functor F': 1 — C with F/(0) =«

2) Let denote A the set of arrows of C, and 2 : 0 — 1, where the arrow is called f. And let
consider ¢ : Hom(2,C) — A defined by o(F) = F(f).

We can prove the bijection by constructing the converse function ¢ : A — Hom(2, C)
defined by for all g € A, we create the functor F' on 2 with F(0) = domain(g), F(1) =
codomain(g) and F(f) = g.

3) With the same notations 3 = {0,1,2} with morphisms f : 0 — 1 and ¢ : 1 — 2 and
B C A x A the set of composable pairs of arrows.

Let ¢ : Hom(3,C) — B defined by ¢(F) = (F(g), F(f)).

The converse function is given by (u,v) — F where F/(0) = domain(v), F(1) = Codomain(v) =
domain(u) as u o v exists and F(2) = codomain(u) with F(f) =v and F(g) =

6.1.3 Functor interpretation

Exercise

Interpret "functor" in different contexts :

a) Lets (I,<;)and (J,<;) be two preordered sets seen as categories (a < b ssi 3f :a — b).

Let T" be a functor between [ and J, then a <; b involve the existence of T'(f) : T'(a) — T'(b)
i.e. T(a) < T(b). Therefore a functor on those type of categories is always a monotonic
function.

b) Let G, H be two groups seen as categories of 1 element (namely x¢ and *p).

And T a functor between G and H, its associated map on morphisms is a function 7T :
G — H satisfying T(gog') =T(g9)oT(¢') and T'(e) = ep. It is then a morphism of monoids
on groups thus a morphism of groups.

Conversely, a morphism of groups from G to H permit to build a functor between G and
H by just adding the obvious object function.

c) A functor T : G — Set gives a permutation representation of G while a functor G —
Matr gives a matrix representation.

In the first case, let’s call K the set image of the element "x¢" by 7. Then Endget(K)
has a structure of monoid and (as show in 6.1.3) T induce a morphism of monoids from G to
Endget(K), as G is a group, the image is a group then a subset of G(K). And so we've got a
morphism of groups G — &(K) i.e. an action of G on K.

18



In the matrix case, let fix n = T(G), then the same idea work : T is a morphism of
monoids between G and Endpjat:(n) = M, (K), as we’ve got groups it could be restricted to
a morphism G — GL,(K) of groups.

6.1.4 Functor center on groups does not exists

Exercise
Prove that there is no functor Grp — Ab sending each group to its center.

Let suppose that T satisfy this condition.

G3 acts on &3 /H by left translation where H =< (1,2,3) >. Then it gives a morphisms
S3 — G,. Moreover the induced action of Gy (through the inclusion morphisms) is the
identity.

Therefore we’ve got the following diagram :

G S S
[
S, {e} S,

And we’ve got the upper diagram giving the identity arrow &, — G,, but the functor T
maps this arrow to the nil arrow 6 : &5 — &,, which is absurd.
Therefore T' does not exists.

6.1.5 Different functors on Grp

Exercise

Find two different functors T : Grp — Grp with object function the identity : T'(G) = G
for every group G.

The identity functor obviously suits.

Then let’s fix for each group G an element rg (axiom of choice on categories). Then let’s
consider the function on arrows on Grp given by 7' : (f : G — H) — (int,, o f o z’ntral).
Where int, : g — aga™'.

Then we can see that T'(idg) = int,, o int, 1 = idg. And moreover T'(f o g) = int,,. o (fo
g)o int,_1 = inty, o foint, v oint,, ogoint, 1 = T(f)oT(g).

The same result can be proved if one chooses, instead of (rg)g, a family fg for all groups
G of automorphisms of G.

6.2 Exercises on section 4 : Natural transformations p.18

6.2.1 Natural transformation on the functor "functions from S to "

Exercise

Let S be a fixed set. Show that X — X is the object function of a functor Set — Set,
and that evaluation ey : X¥ x S — X defined by ex(h, s) = h(s), the value of the function
h at s, is a natural transformation.

19



I assume that the second part of the question is in fact : let s € S fixed. Show that
ex : h+ h(s) is a natural transformation between the functor X — X and the identity on
Set.

Let f: X — Y, then we define S(f): X = Y9 by (¢p: 5 —= X)— (foyp).
It thus give a functor structure to the function X — X*.

Let fix s € S (if S is the empty set, the above functor is the final functor X + 0 and then
it coincides with the natural transformation... I guess)
Then consider the transformation ey : X° — X, h + h(s). It is natural as if f : X — Y

then (ey o S(f))(h) = (f o h)(s) = flex(h)) = (f o ex)(h).

6.2.2 Functor H X _ on groups

Exercise

If H is a fixed group, show that G — H X G defines a functor (Hx ) : Grp — Grp and
that any morphism f : H — K gives a natural transformation (H x ) — (Kx ).

Let u € Homgyp(G, G'), we construct the morphism (Idg x w) : H x G — H x G’ as usual
: (h,g) — (h,u(g)). This give the arrow function of the functor (H x ).

Let consider f : H — K. For G we define f¢: (H x G) — (K x G) by fa(h,g) = (f(h),g)
i.e. fG = f X IdG
Then the family (fg)e is a natural transformation : For u € Homg,p(G,G'), let’s call

v = (Hx_)(u); then (vo fa)(h,g) = v(f(h),9) = (f(h),ulg)) = fer(h,u(g)) = (far o v)(R, g)

6.2.3 Functor on one-object category groups

Exercise

If B and C' are groups ( regarded as categories with one object each ) and S, 7 : B — C are
functors (then morphisms, see 6.1.3), show that there is a natural transformation S — T
iff S and T are conjugate in C.

There is a natural transformation from S to 7' iff there is a o : x¢ — *¢ such that for all
f € B, one has ao S(f) = T(f) o« which means, if we consider a as an element of C, then
Vf € B,aS(f)a™t = T(f). It show thus the equivalence between being conjugated and the
existence of a natural transformation.

6.2.4 Inequalities between functors on preorders

Exercise

For functors S,T : C — P where P is a preorder, show that there is a natural transforma-
tion S — T (which is then unique ?) iff S¢ < T'c for each ¢ € C.
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The unicity results of the fact that for any two element a,b of P there exist at most one
morphism from a to b. Therefore is there is a natural transformation two such transformation
would have the same arrows.

Suppose S and T" are functors and Jc € C such that S(c) i T'(c) then there is no morphism
a. : S(c) = T'(c) and so there cannot exist a natural transformation between S and 7.
Conversely, in a preorder, any diagram immediately commutes (because of the unicity of
the arrows), so as soon as the arrows exists, there is a natural transformation.

6.2.5 Natural transformations and functions on arrows
Exercise

Let S,T : C — B. Show that every natural transformation 7 : S — T defines a function
(also called 7) which sends each arrow f : ¢ — ¢ of C to an arrow 7f : S(¢) — T'(¢) of B
such that Tgo71f = 7(gf) = 79 o Sf for each composable pair (g, f).

Conversely show that every such function on arrows 7 comes from a unique natural
transformation with 7. = 7(id.)

The first statement does derive from definition, as if f : ¢ — ¢ then the arrow 7. 0 S(f) =
T(f)ot.:S(c) — T(c) can be called 7f as it only depends on f.
And then, for a pair of composable arrows (g, f) : ¢ = ¢ — ¢, one has 7(gf) = T(gf)7. =
T(9)T(f)r. = Tgr f and the same way, one can show 7¢Sf = 7(gf).

Conversely, if 7 is a function on arrows, such that T'go7f = 7(g9f) = 79 o Sf then let call
7. = 7(id,)
If f:c—c then Tfr. = 7(fid.) = 7(idw f) = 7«Sf. Therefore 7 is a natural transforma-
tion T—S.

6.2.6 Skeleton of the category of finite-dimensional vector spaces over F'
Exercise

Let F be a field (fixed). Show that the category of all finite-dimensional vector spaces over
F ( with linear transformations as morphisms) written C is equivalent to the category
Matry.

First of all, let fix for all E € C a basis Bg (axiom of choice over categories !)

Let consider the functor T': C — Matry defined by T(E) = dim(E) and for each linear
transformation f : E — F let associate the matrix of f in the basis Br and Bg.

Then we consider the "inverse" functor S : Matrp — C with S(n) = F” and S(M) =
F*"> X — MX € F™ for any matrix M "from" n "to" m.

Therefore the composition S o T associate any vector space of dim n with the space F",
and any linear function to the linear function on the coords in the respective basis.

Then the isomorphism given for a fixed £ of dim n between (S oT)(F) = F" and F is a
natural isomorphism between S o T" and Id.

While T o S is the identity functor, as soon as we choose the basis Bg to be the canonical
one if £ = F™.

This is therefore an equivalence of categories.
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6.3 Exercises on section 5 : Monics, Epis and Zeros p.21

6.3.1 Example of non equivalence monic and epi with bijectivity

Exercise
Find an arrow which is both epi and monic but not invertible.

Let consider f : Q < R in Top. This is a monic as it is injective in Top and that in this
category monic and injective morphisms coincide.
Moreover let suppose uw o f = v o f then u and v are continuous functions from R that
coincide on a dense subset namely Q. Therefore they are equals, so f is an epi.
Finally it is obvious that f is no an iso as it would in particular be a bijection between Q
and R which is impossible.

6.3.2 Properties on arrows

Exercise
Prove that the composite of monics is monic and likewise for epis.

Let (f,g) be a pair of monic composable arrows. Let hy, hy be two arrows from A to
domain(g) = domain(f o g) such that (f og)ohy = (fog)ohy then the associative condition
gives fo(gohy) = fo(gohy) therefore go hy = g o hy and then hy = ha.

The second result is given by applying this one in the opposite category (we just have to
make sure that this result is not used in the construction of the dual category).

6.3.3 Similarity with usual notions

Exercise

If a composite g o f is monic, so is f. What about ¢ 7

Let hy, hy two arrows from the same object to domain(f). Then suppose f o h; = f o hs,
then (go f)ohi=go(fohi)=go(fohs)=/(gof)ohs Soas(go f)ismonic, hy = ha.

g is not necessarily monic : example in Set where monic is equivalent to one-to-one into,
f N — Z the usual inclusion, and g : Z — N, = — |z|; then ¢ is not one-to-one, but g o f is
injective as it is the identity.

6.3.4 Epi non surjective

Exercise

Show that the inclusion i : Z — Q is epi in Rng.

Suppose hi, hy are two ring morphisms from Q to a ring A such that h; o7 = hy o 1.
7Z—-Q=A

Let distinguish two cases :
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e A= {O} then hl = hg

e A # {0}, then hy and hy are injective maps as morphisms of rings from field. Then there
is an injection Z — A and so A has nil characteristic.
Let = p/q € QF, therefore ghi(x) = hi(p) = ha(p) = qho(z) and by simplifying by ¢
one has shown h; = hs.

However, let consider:

P
27 x2 %
Q

Here is an example with an injective map 0 from 7Z, the the initial property of Z in the
category of ring compels Pd = () but P # Q.

6.3.5 Epi are surjective on groups

Exercise

In Grp prove that every epi is surjective.

Let consider f: G — H epi and M be the image of G under f, a subgroup of H
Let X = M\ H = {Mh | h € H} the set of right-classes of H under M-equivalence. There
is an action of H on this set, by left translation, this gives a morphism a : H — &(X). One
can easily see that af = G — 1 — &(X) is the nil morphism from G to &(X).
Then if b: H -1 — &(X), one has bf = af, thus a = b as f is epi.
So the left-translation action of H on X is the identity. Then Vz € H,z(Me) = (Me) in
particular x = ze € Me so H C M i.e. H = M which means f is surjective.

6.3.6 Idempotent in Set

Exercise
In Set show that every idempotent split.

Let f: A — A be an arrow in Set such that fo f = f.
Let C denote the set {f(x) | x € A}, then f is the identity on C : if y € C then y = f(x)

and so f(y) = f(f(z)) = f(z) =y.
Let consider g : A — C to be equal to f pointwise and h : C' — A to be the inclusion
injection. Then h o g = f by construction and g o h = ids as proved above.

6.3.7 Regularity in Set

Exercise

In a category C, an arrow f : a — b is said regular if there exists an arrow ¢ : b — a such

that fgf = f.
Show that if f as either a right or a left inverse then it is regular.
Show that every arrow in Set is regular.
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if fg =1id, then fgf = f, and similarly if gf = id, then fgf = f.

Let f : a — b be an arrow in Set then using the axiom of Choice, let chose for each y in
the image of f an antecedent g(y) € a. This g is an arrow from Im f to a, it can be extended
to an arrow form b to a this way : Let o € a, then define

- gly) ifyelmf
gy { a otherwise

We can then easily prove that (f,§) and (g, f) are composable pairs of arrows and that
fof =1

6.3.8 Initial object

Exercise

Consider the category C with objects (X, e,t), where X is a set, e € X, and ¢t : X — X,
and with arrows f: (X, e, t) — (X', €, t') the functions f : X — X’ such that fe = ¢’ and
ft="try.

Prove this category has an initial object in which X is the set of natural numbers, e = 0
and t is the successor function.

O = (N,0,s) is an object of C.
Let x = (X, e,t) € C, one wants to show that there is an unique morphism f: O — y.
If f:O — x, then f(0) = e and thus by induction f(n) = fs"(0) = t"f(0) = t"(e).
Conversely this define a arrow of C which is then unique.

6.3.9 Usual property II

Exercise
If a functor T': C' — B is faithful and T'f is monic, prove f monic.

Consider f : ¢ — ¢, and let g, h : a — ¢ such that fg = fh, then TfTg=TfTh, as Tf is
monic : T'g = Th and as T is faithful such equality can only occurs if ¢ = h. Thus f is monic.

6.4 Exercises on section 6 : Foundations p.24
6.4.1 Memorandum
A universe U is a set satisfying the following properties :

(i) x € w € U implies x € U.

(ii) w,v € U imply

(a) {u,v} €U
(b) (u,v) €U
(c) uxvelU
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(ili) = € U implies
(a) P(x)eU
(b)y Uz € U
iv) N=weU
(v) if f:a — bis a surjective function with a € U and b C U then b € U.

6.4.2 Cartesian product

Exercise

Given a universe U and a function f : I — b with domain [ € U and with Vi € I, f; € U,

prove that the usual cartesian product [], f; is an element of U.

l. AsVielfieU;z={f;|iel}CU.

2. Prop. (iii)-(b) and 1. give {w |Fi € [Lw € f;} =Uz € U.
3. Prop. (ii)-(c), 2. and I € U give I x Uz € U.

4. Prop. (iii)-(a) and 3. give P(I x Ux) € U.

5. As I € U then Uz € U by applying twice prop. (ii)-(a) with u = v one gets {1}, {Uz} €
U.

6. Prop. (ii)-(c) used twice and 4., 5. give A = {([,I',ux) |I' C I x Uz} = {I} x P(I x
Uz) x {Uz} € U.

7. Prop. (iii)-a and 6. give P(A) € U.

8. Then let y € [] fi, by definition y = (I,Y,Uz) with Y C I x Uz (and such that...
—various properties—), thus y € A, therefore [[ f; C Aie. [[ fi € P(A).

9. Prop (i), 7. and 8. give [[ f; € U.

6.4.3 Equivalence of definitions of universe

Exercise

(a) Given a universe U and a function f : I — b with domain I € U, show that the
usual union U, f; is a set of U.

(B) Show that this property (a) may replace (v) and (iii)-(b) in the definition of a
universe.
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(a) : The result as stated is false in general... maybe one needs to assume b C U.

Example : Let b={PU)} and I = {0} € w € U, then f : 0 — PU) = fo verity
Uifi = fo U)ZU.

Proof Wlth hypothesus b C U and with conclusion U; f; € U (being "a set of U" is understood
as "an element of U"). The statement («) is then :

If f:I—bwithdoCUandI €U, then U;f; € U.

1. let consider the function g : I — {f; | i € [} = x defined by ¢(i) = f(i) for all i € I.
This function is by definition surjective.

2. then as x C b C U, prop. (v) gives x € U.

3. Prop. (iii)-(b) and 2. thus give U, f; = Uz € U.

(8) : The proof above only uses props (v) and (iii)-(b) of the definition of an universe. Then
those two implies prop. ().
Conversely, if f: 1 — b C U is surjective and I € U, then («) gives that U;f; € U and yet
b={fi|i€l}soUbeU. And then b € P(P(Ub)) € U using property (iii)-(a). So b € U.
And if x € U one wants to prove that Uz = {z | Jy € x,z € y} is an element of U but by
considering the application f : 2z — U given by y — y € x € U, it appears that U,y € U i.e.
Ur e U.

7 Constructions on Categories

7.1 Exercises on section 1,2 and 3 p.39

7.1.1 Special cases of products of categories

Exercise

Show that the product of categories coincides with the usual product of Monoids, Groups
(categories with one element) and sets (discrete categories).

Monoids Let M, N be monoids, the product category has a unique object x = (xp7, *n),
and hom(*, x) = hom (%, *p7) X hom(xy, *n) = M X N.

It is thus also a category with one element, and the hom-set has a neutral element e =
(ear,en) and an internal composition law o : (M x N) x (M x N) — M x N given by
(f,9) o (u,v) = (fu,gv). The hom-set is therefore isomorphic to the product monoid.

Groups The construction is the same as above, except that one has a function 7 on the
hom-set, which satisfy if o f = foif = e given by i(f,g) = (f~1,¢g7}).
The structure of the hom-set is therefore the same as the product group.

Sets The result could be stated as following :The product of two discrete categories is a
discrete category; as it is obvious that then the underlying set of the product is the set-product
of the previous categories object sets.

And the proof of the result is given by : let f be an arrow in the product category, then
f = (fa, fo) but as f, and f, are arrows of discrete categories, then f, =id, and f, = id, and

thus (fa, fb) ld (a,b)-
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7.1.2 Product of preorders

Exercise
Show that a product of two preorders is a preorder.

Let (P, <p) and (@, <g) be two preorders. A category is a preorder if and only if for each
couple of objects (a, b) there exists at most one arrow f :a — b.
Then let consider the product category, suppose there is two arrows f = (fp, fo), 9 =
(9r,90) : (p,q) = (P, ¢') then fp and gp are two arrows in P between p and p' i.e. fp =p <p
p' = gp. By the same way, one can show fo = g and therefore f = g.

7.1.3 Product of a family of categories

Exercise

If (C;)ier is a family of categories indexed by a set I, describe the product C = [[, C,, its
projections P; : C — C,; and establish the universal property of these projections.

The object set of C is the usual cartesian product of the object sets of the C;, and an arrow
f:(ci)i = (c}); is a family of arrow (f;); which for each i € I; f; : ¢; — ..
One may summarise this as Obj(C) = [[,Obj(C;) and V(¢;);, (¢;); € C the hom-set is
given by hom(c, ¢’) =[], hom(e;, ).

Then P, : C — C; is a functor given by Pi((c;);) = ¢; on objects and P;((f;);) = fi on
Arrows.

The family of functors (P;); thus satisfy the following property :

Given any category D with a family of functors (Q;);e; where Q; : D — C;, there exists a
unique functor R : D — C such that Vi € I, PR = Q;.

R is given by d — (Q;d); on objects and f — (Q;f); on arrows. And it is unique as
one can show by contrapositive : if () : D — C is not R, then there exists an object or an
arrow @ in D such that Qa = q¢ # r = Ra, i.e. there exists ¢ € I such that ¢; # r; therefore
P,Qa # P;Ra = Q;a and so () does not satisfy the property.

7.1.4 An example of opposite category

Exercise
Describe the opposite of the category Matrg.

In this category, objects are integers as in Matry. But a morphism n — m is a matrix
A: K™ — K" and the composition of two morphisms is given by A o,, B = BA where the
second is the usual matrix product.

But it can be seen as the category in which Hom(n,m) = {A” | A matrix from n to m }
and AT o,, BT = (BA)T
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7.1.5 Functor of the set of continuous real-valuated functions
Exercise

Show that the ring of continuous real-valuated function on a topological space is the object
function of a contravariant functor on Top to Rng.

For X € Top let denote the ring C(X,R). C(-,R) is going to be the object function of the
desired functor. i
Then for f : X — Y a continuous map, one can define a ring-morphism f : C(Y,R) —

C(X,R) given by f(¢) =¢o f. )
This function of f is a ring-morphism as for ¢,v € C(Y,R), f(p-9) = (p-¥)o f =
(pof)-(Wof)=f(e)- f(¥). And moreover f +— f does conserve identities.

Then it’s the arrow function of the functor C(-,R).

7.2 Exercises on section 4 : Functor Categories p.42

7.2.1 The category of R-modules
Exercise

For R a ring, describe R-Mod as a full subcategory of the functor category Ab¥®.

The category R.is the datum of 1 object x, and a hom-set : Hom(%,x) = R, where mul-
tiplication is composition. Then a functor is (as in the group case) a morphism for the
multiplication, but not necessarily a morphism for the addition.

Let M be a R-module, there is a ring-morphism ¢ : R — End(M). One can associate this
morphism with the functor F': R — Ab where F(x) = M and Vf € R, F'f = ¢(f). This is a
functor because ¢(1g) = idy; as compelled by unitary ring-morphisms and F(fg) = ¢(fg) =
p(f) o p(g)-

This association is then an injection as if two R-module are giving the same functor,
they have the same abelian group as basis and moreover the R-action is given by the same
ring-morphism.

Now let consider a morphism of R-modules : f : m — n such that ¥Vr € R, ¢,(r)o f =
foom(r) (ier.f(z) = f(rz))

Then if we consider S, T the respectively associated functors, one can see that f gives a
natural transformation S——7T as :

m-——-n
S(r) T(r)

m-————>N

is commutative.

Moreover, for any natural transformation S——T, it is a morphism of abelian groups from
m = S(x) to n = T'(*) satisfying S(r) o f = foT(r) for all r € R. Then the functor defined
above R-Mod — Ab® is fully faithful.
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7.2.2 Category of functors on a discrete category
Exercise
Describe BX for X a finite set (seen as a finite discrete category).

A functors F': X — B is totally determined by a function F': X — B i.e. a family (b,), of
elements of B.
Let call n the cardinal of X, and ¢ be a bijection ¢ : X — n. Then instead of writing
(b)), one may write (bg)1<kp<n-
A natural transformation between two such functors S, 7T is a family (fi)1<k<n of arrows
where fj : Sxp — Txy of B verifying no other condition.
Then functor category has object-set Obj(B)" and Hom-sets Hom((bx)x, (b;,)k) = [ [;<p<,, Hom(by, b},).

7.2.3 Category of graded abelian groups

Exercise

Let N be the discrete category of natural numbers. Describe the functor category AbM
(commonly known as the category of graded abelian groups).

This is pretty much the same thing as the exercise above. This category is the category of
sequences of abelian groups with morphisms the sequences of morphisms (¢,,), where ¢, is
an arrow between the n-th elements.

7.2.4 Category of functors on preorders
Exercise
if P and Q are preorders, describe the functor category QF and show it a preorder.

As shown in reffunctorsonpreorders : if S,T are functors on preorders then any natural
transformation between the is unique so it can be called S < T,
And it happens iff Vp, S(p) <, T'(p).
Anyway the functor category QF is a preorder, with the order relation < defined "point-
wise.

7.2.5 Category of permutation representation of a group

Exercise

If Fin is the category of finite sets, and G a finite group, describe Fin® (the category of
permutation representation of G).

Let F' : G — Fin be a functor, such that F'(xg) = X. Then for all g € G, the image F(g)
is a function X — X, but as G is a group F(g)F(¢7') = idyx so F(g) € &(X). Moreover
as F' induce a morphism of monoids on the Hom-sets and as G is a group, F' gives a group
morphism G — &(X) ie a finite action of G on X.

A natural transformation of two such functors S,7" is an function o : X = S(x) - Y =
T'(x) satisfying Vg € G, aS(g) = T'(g)a. Le. Vg € G,Vx € X, a(g.x) = g.a(x).
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7.2.6 Equivalence and similitude on matrices with a categorical point of view
Exercise

Let M be the infinite cyclic monoid (elements are 1,m,m?, ---). In the functors categories
(Matry)? and (Matrg)™ show that objects are matrices and isomorphic objects are
equivalent and respectively equivalent and similar matrices, in the usual sense of linear
algebra.

Equivalence : A functor F' : 2 — Matrg is given by an arrow of Matrg (namely the
image of the unique arrow of 2) i.e. a matrix A : K™ — K™.

A morphism of matrices A, B (natural transformation between the associated functors) is a
couple of matrices Q = (Q, Q1) such that BQy = Q1 A as shown in the following commutative
diagram:

Qo ,

ng ———— 1

Q1

ng ——————n}

Then A is isomorphic to B ssi there is a natural transformation @ = (Qo, Q1) such
that Qg and () are isomorphisms i.e. invertible. Then the commutation could be written as
Q;'BQy = A which means A and B are equivalent.

Similarity : A functor F' : M — Matrg is given by an arrow of Matrg (namely the
image of m) i.e. a matrix A: K™ — K™ where n is the image of the "point" *,;.

A morphism of matrices A, B (natural transformation between the associated functors) is
a unique matrix I' such that BI' = I'A as shown in the following commutative diagram:

r !

n—n

Then A is isomorphic to B ssi there is a natural transformation I' which is an isomor-
phisms i.e. invertible. Then the commutation could be written as ["!BI' = A which means
A and B are similar.

7.2.7 Functor to the category of arrows

Exercise

Given two categories B, C' and the functor category B2 , show that each functor H : C' —
B? determines two functors S, T : C' — B and a natural transformation 7 : S—7 and
show that this assignment H — (S, 7,7) is a bijection.
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B? is (equivalent to) the category of arrows of B with morphisms between f and g, the
pairs of arrows u, v such that fu = vg.

Then a functor H — B2 gives a function which associate to each h € H an arrow fj, of B.

Therefore, one can construct functors S,T : H — B defined by Sh = domain f;, and
Th = codomain f; on objects and by Hg = (Sg,Tg) on arrows.

It also gives a family (7,); of arrows of B defined by 7, = f, : Sh — Th. One can
easily prove that this family is a natural transformation from S to T as if g : h — k then
Tgor,=Tgo fr, = fx 0 Sg. Because (Sg,Tg) is a morphism between f;, and f; as shown in
the following commutative diagram :

Sh—" 7y
Sg Tg
Sk— T

7.2.8 Functor to the category of arrows 11

Exercise

Relate the functor H of exercise 7 to F': C' x 2 — B, given by for f : ¢ — ¢, its images
are F(f,0) = S(f), F(f,1) =T(f), F(f 1) =Tfore=1005f

Let’s call U,V : Cat — Cat the functors respectively _ x 2 and (_)2.

As shown in the following exercise, U is the left 7 adjoint of V', so there is a natural
bijection between hom(C' x 2, B) and hom(C, B?). This bijection maps F to H.

Indeed : Let S, T associated with H as above. Let ¢ € C. H(c)(0) = Sc¢ = F(c,0) and
H(c)(1) =Tec = F(c,1) then H(c) and F(e, ) coincide on objects for all ¢, and similarly with
the definition above of S and T', one can show that for all f arrow in C, H(f) and F(f, )
coincide.

7.3 Exercises on section 5 : The Category of All Categories p.45
7.3.1 Higher level of adjunction

Exercise

For small categories A,B and C establish a bijection Cat(A x B, C) = Cat(A, CB).
And show it natural in A, B and C. Hence show that _x B : Cat — Cat has a right
adjoint.

Cat(A x B,(C) can be seen in three ways :
e A category of functors C4*5
e A hom-set in Cat : homeat(A X B, C)

o A functor Cat®”” x Cat® x Cat — Cat
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The exercise ask for a bijection, in the vision as Hom-sets, but when it is asked for a
naturality of the bijection then it has to be a natural transformation between the functors.

Let consider the function  : Cat(A x B,C) — Cat(A, CP) given by Q(F) : a s F(a, )
and for f :a — a5 Q(F)(f) is the natural transformation 7 between F(a, ) and F(a/, )
given by 7, = F(f,1,). As F'is a functor, the following diagram for all ¢ : b — 0’ commutes:

F la:
Fla,b) — 2 P(a,v)
7o = F'(f, 1p) v/
F(l,,
F(d,b) —22 | pat v

One has just defined a function between Cat(A x B,C) and Cat(A, C?). This one is a
bijection as it exists a converse function I' defined as follows :

For F': A — COF let set I'(F) € Cat(A x B,C) as (a,b) — F(a)(b) on objects and for
o natural transformation between two functors S,T : A — C®B, one may define I'(0)(ap) :
I'(S)(a,b) — I'(T)(a,b) by (04)s —because o, is a natural transformation between functors
B — C-.

One can easily verify that I'Q = Icagaxp,c) and QI = Igaga,50)-

Naturality : Let A,B,Cand A’,B’,C'"beinCatand f: A’ — A, g: B = B, h:C —= (.
One has :
(f?,g",h): (A, B,C)— (A, B, C")

Then :
(Ax B,C) (A, CB)
(f°P x g°P, h) (fP,ho _og)
(A" x B',C") (A, (C")E)

And therefore by applying the Hom-functor, one gets

Qa,B,C

Cat(A x B,C) Cat (A, CP)

ho_o(fxg) ho(_of)0og

QA/,B/,C’

Cat(A' x B',C") Cat (A4, (C")P")

This one is commutative. Indeed : given a u: A x B — C, one has (ho [Qapc(u) o f]() o
g)(a)(¥") = h[Qapo(u)(f(a)(g(t)] = hu(f(d), g(¥))) while Qaprer[houo(f x g)](a") (V) =
hlu(f(a), g(b"))]-

So the transformation is natural in (A, B, C).

32



Adjoint of functor _ x B :  Let denote F the functor _ x B and G the functor (_)5.

Then the natural bijection Hom(F(A), C) = Hom(A, G(C)) means G is the left adjoint of F.

7.3.2 Natural isomorphisms

Exercise

For categories A, B and C' establish natural isomorphisms:
o (Ax B)Y = A° x B¢
° CA><B ~ (CB)A

1. Let consider the following function 7 : (A x B)Y — A® x B¢ defined by 7f = (Pf,Qf)
where P, () are the respective usual projections A X B — A, B. In other words, 7 = (P o

_,Qo ).
It is a bijection as for all f: C'— A and for all g : C' — B, the unique map C — A x B

such that 7(u) = (f,g) is u = (f, g).
This bijection is moreover natural in A, B,C as if one renames 7 as Tapc then : If

(f,9,h°") : (A, B,C) — (A", B',C"), then (f x g,h??) : (A x B,C) — (A’ x B',C").
Therefore, one has the following diagram :

TABC

(A x B)¢ A% x B¢
(fxg)o _oh (fo _oh)x(go oh)
(A/ % B/)C” TA'BIC! A/C’ % B/C”

This one is commutative because given ¢ : C — A x B. Then Tagct) = (P, Q) so
(f" x g") o Tapc) = (fPYh, gQuh).
On the other side T4por o ((f % g)h)w = Tarpor(fPYh, gQuh)) = (f Pyh, gQuh).

Moreover it also commutes on arrows, but it starts to be too awful to be written.

2. Magical proof by Ross :
Let D be a category, and let call 7 the natural isomorphism constructed in exercise 7.3.1.

Cat(D,CA*B) =~ Cat(D x (A x B),C) (1)
>~ Cat((D x A) x B,C) ("associativity")
>~ Cat(Dx A CB) ()
~ Cat(D,(CP)4) ()

Now let D be C4*B one has therefore w : Cat(C4*B, CA4*B) = Cat(C4*B, (C4)P), thus the
image of the identity functor is a bijective functor®, and its naturality is a consequence of the
naturality of the above isomorphism w in (A, B, C).

* . It is bijective as it is equal to 7 on objects, and as shown in exercise 7.3.1, 7 is a
bijection. Moreover it maps an arrow (ogp)qp in CA*B to the sequence of sequences of C-
arrows (ayp), for a € A and b € B, which obviously makes this functor fully-faithful. And so
an isomorphism of categories.
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7.3.3 Horizontal composition is a functor
Exercise
Use theorem 1. to show that horizontal composition is a functor : o : A x B¢ — A°.

The function o is a function AZ x B¢ — A% on objects (functors) given by (F,G) + FoG.
Now let 0 = (01, 02) be a natural transformation (F,G)——(S,T):

G F
T FrR
C Ty B Tor A
T S

then one can define o(0) =0y001: FoG—SoT.
Now let’s take two natural transformations o, 7 as follows :

F R
C G - B S - A
H T

Then the interchange law gives (c9001)-(1207) = (02 72) 0 (01 - 71), which can be written
o(oy - T1,02 - T2) = 0(0 - T).
One has just shown o(c) - o(7) = o(c - 7), so o is a functor.

7.3.4 Interchangeable laws on a topological group

Exercise

Let GG be a topological group with identity e. One considers the set of continuous path
from e to e equipped with the pointwise product (-) and the concatenation of paths (o).
Prove that the interchange law holds.

The pointwise product of two continuous path u,v is the path w - v : [0,1] — G defined by
(u-v)(t) = u(t) - v(t). One can easily show that this is also a continuous path from e to e.

Let denote Fu for Q C [0,1] and u : Q — G, the function [0, 1] — G which extend u by e
outside €2. Moreover one may denote 7 : ¢t — ¢ + % and p:t— %t.

The composition (concatenation) of two path u, v is thus the function : E(uop)-E(voTou).
For security reasons, one may avoid using the usual composition o and keep that notation for
the concatenation of paths. Therefore uwov = Euy - Evrp.

Now let consider (vow) - (u' 0v') = Eup - Evrp - Eu'p- Ev'tp = (Eu - Eur - Eu' - EV'T)p.

Now one may notice that those functions of the kind Fu and Evr commutes for (-) as if
for a fixed ¢, one is not equal to e then the other is.

Then (wow)- (v ov') = (FEu- Evr- Eu' - Ev't)u = (Evr - Ev't - Eu- Eu')p. And as u and
u’ as the same domain, then on can write (Evr - Ev't - Eu- Eu') = (E(v -0 )1 E(u-u')T) =
(E(u-u)- E(v-v)T).

Finally (uow) - (v o) = (E(u-u)pu- E(v-v)Tu) = (u-u')o (v-v'), ie. the interchange
law holds.
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7.3.5 Hilton-Heckmann result on unitary interchangeable laws

Exercise

Let S be a set with two (everywhere defined) binary operations ;0 : S x S — S which
both have the same (two-sided) unit element e and which satisfy the interchange identity.
Prove that - = o and that each is commutative.

For fixed z,y € S, let consider xoy = (x-e)o(e-y) = (roe)-(eoy) =x-y. Moreover
xoy=(e-x)o(y-e)=(eoy)(roe)=y-x. Thus the two laws are equals and "anti-equals"
so commutative.

7.3.6 m; of a topological group

Exercise

Combine exercises 4 and 5 to prove that the fundamental group of a topological group is
abelian.

As shown in exercise 4, the set S of continuous path on G (topological group fixed from
now on) is given with two laws - and o which satisfy the hypotheses of HILTON-HECKMANN
theorem (exercise 7.3.5) with identity the constant function to e.

Then if one calls S this set of paths, S is a commutative monoid with law o = -,

As usual, one may define the homotopic equivalence of paths on (S, o) and prove that rela-
tion respect composition. Then the quotient, S/ ~= m(G, e) is the quotient of a commutative
monoid, then it is abelian (and it is a group as usual).

Maybe one can construct m; by seeing S as a groupoid with arrows homotopic transforma-
tions.

7.3.7 Natural transformation between Hom-functors
Exercise

If T: A— D is a functor, show that its arrow functions T, : A(a,b) — D(T'a,Tb) define
a natural transformation between functors A°? x A — Set.

One has two functors A% x A = Set namely Homa( , ) and Homp(T _,T ). Then
because T is a functor, for all (f,g) : (a,b) — (a’,V) in A% x A, the following diagram is
commutative :

TP x T Tab
(a,b) ————— (T'a, Th) A(a,b) D(Ta,Tb)
At g)l JD(Tf, Tg)
(@) o (T TV) A(d' ) o D(Td',TV)

Then (T,p)ap is a natural transformation.
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7.3.8 Natural transformations of the identity functor

Exercise

For the identity functor I¢ of any category, the natural transformations « : Ic—— I form
a commutative monoid. Find this monoid in the cases C = Grp, Ab and Set.

General results :  The considered set of natural transformations between I functor is in
fact the Hom-set C®(I¢, I¢). Tt is as usual a monoid for the horizontal composition law o.
Moreover it is also a monoid with the same (two-sided) identity for the vertical composition.
Therefore using result of exercise 7.3.5, one has that this monoid is commutative.

Such a natural transformation is family o = (0.).cc and it also "maps" an arrow f : ¢ — ¢
to an arrow of C? between o, and o given by the couple (f, f).

So o is a functor C — C2. Now one has the following diagram :

e e

R TN
C C? C
~_ -~
domain codomain
with the property Do = Co = Ic¢.
Groups :  Given a such transformation o, lets call s = o7(1). Then lets take a group G

and an element g € G.
Then one has the following commutative diagram :

Where § : Z — G is the group homomorphism that maps 1 to g (it is unique as defined on
the generator of the free group Z).

The commutativity thus gives og(g) = §(s) = ¢°. So any such natural transformation is
determined by a unique s € Z and gives for all group G a map g — ¢°.

Conversely as for all g € G —; H, and for all s, f(¢°) = f(g)°, all such family of arrows
are natural transformation between the identity functor.

Abelian groups :  The above results holds as arrows of abelian groups are exactly the

group arrows.
Again Homap ab)(/,I) = {(0¢)c | Is € Z,YG € Ab,0¢ : g — g° }.

Set : In Set, the identity functor is isomorphic to Hom(1, ), then the set of natural
transformations /——1 is isomorphic to the set Nat(Hom(1, ),Hom(1, )).

But by Yoneda’s lemma, this is isomorphic to Hom(1,1), so there is a unique natural
transformation between the identity functor in Set.
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7.4 Exercises on section 6 : Comma Categories p.48

7.4.1 Category of commutative rings under a commutative field

Exercise

If K is a commutative ring, show that the comma category (K | CRng) is the usual
category of all small commutative K-algebras.

A commutative ring under K, is a couple (R, f : K — R) where R € CRng.

Therefore f is a monomorphism and K can be seen as a sub-ring of R, then R is a K-algebra
with the obvious K-linear multiplication A.r = f(\) x r.

Moreover any commutative K-algebra, R comes with a ring-morphism f: K 3 A +— A.1j.

Now let’s consider a morphism A : R — S of commutative rings (R, f), (S, ¢) under K.
Then hf = g. Which means, for each A € K, h maps f(\) to g()).

So f: R — S'is a ring-morphism that respects the embedding of K in R and S it is exactly
what is called a morphism of K-algebras.

7.4.2 Category of objects over a terminal object

Exercise
If ¢ is a terminal object in C, prove that (C | t) is isomorphic to C.

As states the definition of a terminal object, for each ¢ € C, there exists a unique f : ¢ — ¢.
So there is an injection on objects C — (C | t). And this is a bijection as the converse
function is given by (¢, f) — c.

Now let g : ¢ — ¢ be an arrow in C, because of the uniqueness of the arrows ¢ — ¢, the
following diagram is necessarily commutative :

c—2
\f

N /&
t

Then any arrow g : ¢ — ¢ in C is also an arrow in (C | t) and conversely. So the above
function is in fact a bijective functor on objects as well as on arrows.
These two categories are therefore isomorphic.
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7.4.3 Complete the definition

Exercise

Express P, (), R of the definition of a comma category, on arrows :

s
E / R \ D
T Cc? s
C % % C
On objects : Given x = (e,d,f : Te — Sd) an object of (T" | S), the projections
Pz, Qx, Rx are defined as follows:
e Pr=e
e Qr=d
e Ru=f
On arrows :  Given two objects of the comma category = = (e,d, f) and 2’ = (¢, d', f')

and a morphism y = (g, h) : © — 2/. Then one can define the projections of y as follows :
e Py=yg
e Qu=~nh
e Ry=(Tg,Sh)

The definition of Ry gives indeed an arrow of C? as the diagram :

T(e) — L 5(d)
ng . J Sh
(') S(d)

is supposed commutative, in the definition of an arrow of (7" ] 5).

7.4.4 Natural transformations seen as functor on comma category

Exercise

Given functors S,T : D — C, show that a natural transformation 7 : T——S is the same
thing as a functor 7 : D — (T | S) such that Pt = Q7 = idp (where P, @) are the
projections (7'} S) — D).

38



Let 7 : T—S be a natural transformation.
One can construct the functor 7: D — (T' | S) by :

e d+— (d,14,d) on objects.

e And for f:d — d, one can associate the pair of morphisms (f, f). It is a morphism in
(T} S) as the following diagram commutes because of the naturality of 7 :

Tf

7(d) T(d)
S(d) —L— s(a)

It follows the definition that on objects d € D, P7r(d) = Q7(d) = d, and moreover, for
fod—=d, Pr(f)=P(f )=, QT(f) =Q(f.[) = /.

7.4.5 The comma category is a "pullback"

Exercise

Given any X such that the following diagram commutes :
X
VAN
RI
E c? D
lT/ \ ls
C C

Prove that there is a unique functor L : X — (T | S) such that P = PL,Q" =
OL,R = RL.

Let consider the functor L = (P',Q",R'): X — (T'|{ S) asfor x € X, R’z : TP'z — SQ'x.
Then one can see that this functor factorise P, Q’, R'.
Conversely let G be an other functor that factorise P’,Q’, R, then for x € X, Gx =
(PGx,QGz, RGx) = (P'z,Q'x, R'z) = Lx and similarly with the arrows Gf = (PGf,QGf, RGf) =
(P'f,Q'f.R'f) = Lf.

7.4.6 The functor "comma category"

Exercise

(a) For fixed small C, D, E, show that (T, 5) — (T | S) is the object function of a functor
(CF)r x (CP) — Cat.

(b) Describe a similar functor for variable C, D, E.
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(a) The transformation (7,5) — (T ] S) is indeed a function on objects of the category
(CF)P x CP to the objects of Cat.

Now let u = (7,0) be a morphism (CF)? x CP i.e. it is a pair of natural transformations
(T",8)—(T,5").

One may define a functor U : (T'| S) — (1" | 5’) given by :

e On objects : U : (e,d, f) — (e,d, 040 foT.), as:

Te f od

T'(e) T(e) S(d) —2— $'(d)

e On arrows : given two elements (e,d, f) and (¢/,d, f') and an arrow (h, k), let set
U: (h,k) — (h,k), as given by:

lT/h JTh lSk lS/k
f/

aq/

S(d') —— S'(d)

For which the external rectangle is commutative because the central square commuta-
tivity is given by the definition of arrows in the comma category and the two other ones
are stating that o and 7 are natural transformations.

Then U is a functor as the definition on arrows obviously respects composition.

So far, one has shown the "arrow category"-function acts also on morphisms. Let now prove
that u — U respects composition to show it a functor.
Let u = (7,0) and v = (7', 0’) two naturals transformations as follows:

/

T T

a:T" T T

8.8 57 g

The functor UV is given by the identity on arrows and (e, d, f) — (e, d, 040, fT.7.) on
objects.

On the other side, let consider the transformation w = («,8) = (77/,0'c). Then the
functor W is given by the identity on arrows and (e, d, f) — (e, d, 0,04fT.T.).

Then UV = W, and the considered application is a covariant functor.

(b)

Naturality : Let call ¢ p g the above functor (7,.5) — (T'| 5).

Then one may consider the functor Cat x Cat® x Cat” — Cat®®* defined by : (C, D, E) —lcpp
on objects. And maps a triplet of arrows (f,g,h) : (C,D,FE) — (C',D', E’") to the natural
transformation (f_hl f_g):lepr — lop.m-

This proves that |c p g is natural in C, D and E.
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Functor : Let consider the coma category (Cat x Cat | Acas) whose objects are
triples made of a pair of source categories (E, D), a category target C' and a pair of functors
(T,5): (E,D) = AcatC = (C,C).

Then one can define the functor |: (Cat x Cat | Acas) — Cat given by (T,S) — (T | S).

The definition of this functor on arrows (i.e. triples of functors (U, V, F') such that T'U =
FT and S'V = FS ) is given by the universality of the comma category (c.f. 7.4.5) which
gives a functor (T'] S) — (T | S").

Remark : The naturality property stated above may be translatable into the fact that |
is a 2-functor.

7.5 Exercises on section 7 : Graphs and Free Categories p.51

7.5.1 Opposite and product of Graph(s)

Exercise

Define "opposite graph" and "product of graphs" to agree with the corresponding defini-
tions for categories (ie, so that the forgetful functor U will preserve opposite and product).

Opposite Let G be a O-graph with arrow set A equipped with two functions d,c: A = O.
then define G’ the opposite graph, as the O-graph with arrow set A but with function domain
d’ = ¢ and codomain ¢ = c.

Thus it can easily be shown that for a category C, U(C?) = U(C), as if an arrow [ lies
in C then it is an arrow of the underlying graph of C but furthermore exchanging is domain
and codomain is done in the same way in graphs and categories.

Product Given two graphs G, G’ respectively O, A = O and O’, A’ = O’. Let consider the
graph H with object set Q = O x O’ (as usual product of sets) and the arrow set B = A x A’
equipped with two functions dy x d, and 0; x 0] form B to (.

One can notice that the object set thus defined is also the object set of a produce of two
categories C and C' seen as graphs.

7.5.2 Free the ordinals
Exercise

Show that finite ordinal numbers are free categories.

Let consider for n € N the following graph G, : 0 -1 -2 — --- - n-1

Objects are {0,1,---n-1} as like in the category n. Arrows are mapping one object
(ordinal) to its successor.

Then the free category on GG, is n. Indeed : let F' be this free category, and let suppose
there is two arrows from u to v, then each arrow can be decomposed into a sequence of arrows
of GG,,. Necessarily the sequences has the same size, as v could not be the n-th and the m-th
successor of u. And then they are equals as two sequences of same bound and same size in
G, could not differ. Thus F' is a preorder.

Moreover F' is totally ordered as if u,v € F', one can suppose u < v as integers, then there
is a sequence of arrows © - u+ 1 — --- — v in G,, and therefore an arrow v < v in F.

F is then a totally ordered set with elements 0 < 1 < ... < n-1, therefore it is n.
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7.5.3 Free groupoids

Exercise

Show that each graph G generates a free groupoid F' (which satisfy the same universality
as the free category on GG). Deduce as a corollary that every set X generates a free group.

"A groupoid is a small category in which every morphism is an isomorphism, and hence
invertible. " Wikipedia

Construction For a fixed O-graph G with set of arrows A, let consider the O-graph G’ with
arrow set AU{f :b—a | f:(a—Db) € A}. Then one can construct the free groupoid F' on
G’ as follows :

Objects of F' are those of G’ and G namely O.

An arrow of F is a class of equivalence on finite sequence of arrows of GG : Let consider
the set of arrows Agee as in the case of the free category. Then one can define on that set
a relation ~ by (a, f,b, f’,a) ~ (a) and (b, f';a, f,b) ~ (b) for all f: a — b, and to extend
that definition to any arrow by u ~ v, x ~ y implies uxr ~ vy as soon as these arrow are
composable. One can verify that this relation respects domains and codomains.

Then an arrow of F' will be an element of Agee/ ~.

Thus, F' can be seen as the quotient of the free category on G’ by ~.

This construction gives for every graph G a functor Q) from the free category on G’, namely
C' to the free groupoid on G : F' = C/ ~. And then the following diagram can be completed :

i

¢, o —"-uc C
T U Q
UF F

Where i: f— fand j: f— f'. One can define 7 = UQ o poi.

Universality Given a O-graph G, let show that the free groupoid on G, denoted F, is
universal from G to U the forgetful functor Gpd — Grph.

Let A be a groupoid, and g : G — UA an arrow in the category of graphs. A will be
considered as a category with a contravariant functor Y : A — A, namely the inversion, which
satisfy for all f arrow in A, Y f o f = idqomain f and f oY f = tdcodomain f-

As A is a groupoid, g can be extended to an arrow ¢’ : G’ — UA in a unique way such
that UY ¢'j = g = ¢i. It is possible because G’ has been constructed as the disjoint union of
two sets and using ¢ and 7, one can define g on both those two.

Then by universality of C' the free category on G’, there is a functor K : C' — A such that
UKp=g¢. SoU(YK)pi=UYg=UKpj.

It yields that KpiKpj = KpiY Kpi = 1, as the relation ~ is defined by pi ~ Ypj and
extended by composition, K factors through @ (which is in fact the coequalizer of pi, Ypj).

Then there exists a unique H : F' — A such that HQ) = K. Therefore UHUQpi = UH7 =
g and so g has the universal property of objects from G to U.
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Corollary Given a set X, it can be seen as a graph G with object set {x} and arrows X.

Then the free groupoid on G is a groupoid with a unique element so it is a group F.
With the property that for any group H of underlying set Y and function f: X — Y =UH,
there is an homomorphism of the groups h : Fx — H such that Uhi = f as functions (where
i is the injection X — UFY).

7.6 Exercises on section 8 : Quotient Categories p.52

7.6.1 A simple free category

Exercise

Show that the category generated by the graph:

g
 —_— 5.

with the one relation ¢'f = f’g has four identity arrows and exactly five non-identity
arrows f,g, .9, 9'f = ['g.

The given graph has four objects so the free category (C) on it has also four (distinct)

objects and therefore exactly four identity arrows.

Moreover f,qg,q’, f', ¢ f are distinct in C , because any two of them don’t have the same
couple (domain,codomain). So there is at least 5 non-identity arrows.

Conversely in the graph, any sequence of composable arrows is at most of length 2, and a
non-identity arrow is a sequence of length at least 1.

By hypothesis there is exactly four arrows in the graph i.e. four sequences of length 1, and
moreover there is two sequences of length 2 but they are supposed equals by the relation so a
unique other arrow is given.

7.6.2 Normal subgroups

Exercise

If C is a group G seen as a category with one object. Show that to each congruence R on
C, there is a normal subgroup N of G with fRg iff g1 f € N.

A congruence R on C is a binary relation R, , = R on G.
Moreover the quotient category C /R has a structure of monoid. And so the functor
Q@ : C — C /R gives a monoid morphism G — G/R.
Let N<G be the kernel of this morphism. Given f,g € G, fRgiff Qf = Qgi.e. Q(f'g) =
lie. f7lge N.
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8 Universals and Limits

8.1 Exercises on section 1 : Universal arrows p.59

8.1.1 Universality of familiar constructions

Exercise

Show how each of the following familiar constructions can be interpreted as a universal
arrow :

(a) The integral group ring of a group (better, a monoid).
(b) The tensor algebra of a vector space.

(¢) The exterior algebra of a vector space.

(a) T only manage to do it with monoid, the group case seems more complex.

Let consider the functor U : IRng — Mon from integral domains to monoids. Given by
(R,+,-) — (R*,-) on objects and by the restriction to R* on morphisms.

Given a fixed monoid M, let consider the couple (Z[M],u : M — Z[M]*). T claim it
universal from M to U.

Indeed : Let (A,v : M — A*) be a couple where A is an integral ring. Then define
w : Z[M] — A as follows : w(m) = v(m) for m € M, and let expand it on Z[M] such that it
becomes a ring homomorphism.

Then it result from the definition that (Uw)u = v.

(b) Given a fixed field K, let call U the forgetful functor K-Alg — K-Vect.
For a vector space V', one may construct the tensor algebra on V' :

TV)=PVvr=KeVelVaV)s---

neN

It is a K-vector space by construction, and this definitions gives immediately an linear map
i:V—o>TV)byx—00x®d0&---. Moreover, on may define a product the following way :
Given two integers m,n € N, one has the following isomorphism V" ® V@m = y@t+m)
As the multiplication p : T(V) x T(V) — T(V') is bilinear it is totally defined by the data

of the family of bilinear functions :
P 2 VE X VE™ — T(V)

The previous isomorphism allows us to define ji,, ,, as the mere injection V"™ — T'(V).

I claim (T'(V),i: V — UT(V)) is universal from V to the forgetful functor U.

Let’s take an algebra A, and an arrow f : V — UA. Given a n € N, one can associate
with f an arrow f®" this way :

(fuf:"'af) HA X X A

vr (UA)" UA

n times n — 1 times
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Where pg : UA x UA — UA is the multiplication in the algebra A.

Then one can associate to the above function an arrow " :V®" — UA.

So as we have given an arrow on each "coordinate" of T'(V'), then we have an arrow
T(f):T(V)— UA which satisty T'(f)i = f. Moreover this arrow maps a product in 7'(V') to
a product in A (and the neutral element to the neutral element), then it is an arrow of the
category K-Alg.

The universality follows.

(c) For a fixed field K, and given a vector space V, the exterior algebra A(V') of V' is the
quotient T'(V)/I where I = (z @ x | x € V) is a two-sided ideal.

Let us call again U the forgetful functor Alg, — Vecty. The property of the exterior
algebra can be stated as follows : for every linear map f : V' — UA such that u(f, f) =0
(where p is the multiplication in A) there exists a unique ¢ : AV — A which extend f.

This gives a bijection

{f:V—=UA|u(f f)=0}=Homy,(AV, A)

8.1.2 Universal element for the powerset functor

Exercise
Find a universal element for the contravariant functor P : Set®”” — Set.

Let consider the set 2 = {0,1}. Then the couple (2,{1}) is a universal element for P.

Indeed : Let X be a set and Y € P(X), then there exists a function X — 2 which "define"
Y in the sense that it maps an element of Y to 1 and an element which is not in Y to 0.

Then the powerset of this function Pf : {0, {0},{1},2} — P(X) is defined by A —
1Ay,

So one has ) — 0, {0} = X \ Y, {1} — Y and 2 — X. Finally one has a function which
powerset maps {1} to Y, and any powerset of a function f satisfying this property implies f is
the characteristic function of the subset Y and therefore one has the unicity of the constructed
function.

8.1.3 Universal arrows for forgetful functors

Exercise

Find (from any given object) universal arrows to the following forgetful functors:
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(a) Let’s call U the forgetful functor Ab — Grp and let fix a group G. One may denote
D(G) the normal subgroup of G generated by the commutators.

Then (G/D(G),p: G — G/D(Q)) is a universal arrow from G to U.

Indeed : given another abelian group A and a morphism f : G — UA, one has necessarily
f(D(G)) = {04} so f does factorise through p : Jg : G/D(G) — UA such that gp = f.
Moreover as g is a group homomorphism, it is also a morphism for the category Ab.

(b) Let’s call U : Rng — Ab the forgetful functor. And let A be an abelian group. Since
the category of abelian groups is equivalent (even isomorphic) to the category of Z-modules
(well known result), A will be considered as a Z-module on its own.

One may remark that the construction of the tensor algebra (c.f. exercise 8.1.1) never uses
the vector space structure, therefore it is still valid for modules. Let thus consider T'(A) the
tensor algebra on A, it is a Z-algebra.

But it is also known that Z-algebras are exactly rings with unit the image of 1z, so T'(A)
is a ring. Moreover the construction of T'(A) gives a morphism of groups i : A — UT(A) (as
TA)=---®AD---).

I claim that (T'(A),7: A — U(T(A)) is universal from A to U.

Indeed given a group homomorphism f : A — U(R), by reasoning as in exercise 8.1.1, one
can construct an arrow f, : A" — U(R) which is n-Z-linear, so it gives a morphism of group
A®" — UR. Gathering those arrows gives then a unique morphism of groups g : UT(A) — UR
such that gi = f. The uniqueness result from the fact that each arrow from the n-th tensor
power of A to UR is unique.

Moreover one can see that those morphisms respect the product in 7'(A), therefore g can
be seen as a ring homomorphism and finally it is unique among those morphism T(A) — R
which satisfy Ugi = f.

The universality follows.

(c) Let’s again call U the forgetful function Top — Set. And let fix a set X. One may
denote A the topological space X with the discrete topology (ie P(X)).

Let B be a topological space with underlying set Y = U B and topology 7. Given a function
v:X — UB =Y, it gives a continuous map ¢ : A — B as the topology on A makes every
function continuous.

And as its underlying function v factorise through the identity X — UA, one has shown
that (A,id : X — A) is universal from X to U.

(d) Let’s one last time call U the forgetful functor Set, — Set. And let fix a set X. Then
one may call A the set X U{X} and (A, a) the pointed set in a = {X}.

Then given a pointed set (B,b) and an arrow f : X — B, it can be extended to A by
demanding f(a) = b. Therefore it gives a morphism [’ : (A,a) — (B,b) which underlying
function factorise through the injection i : X — A.

The unicity of the arrow f’ among those which functions are factorisable in this way, result
from the pointed set condition a — b.

Then one has shown that ((A,a),?) is universal from X to U.
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8.1.4 Results in group theory

Exercise

Use only universality of the projections to prove the following isomorphisms of groups :
(a) Given M, N <G with M C N, one has (G/M)/(N/M) = G/N;
(b) Given N <G and S subgroup of G, then SN/N = S/(SNN).

Lemmas

Injection of subgroups : If H is a subgroup of G then the injection ¢ : H — G is
monic.

It results from the fact that set injections are monics, that the forgetful functor Grp — Set
is faithful and on the result of exercise 6.3.9.

Projection to the quotient :  If N <G, then the projection p : G — G/N is epi.

Indeed : if a,b : G/N — H such that ap = bp, then the arrow ap satisfy api = 0 where
i:N—-Gand 0: N — {e} — H.

So ap is an element of the set of arrows from G which kills NV, by universality of p among
such arrows, there exists a unique morphism ¢ : G/N — H such that ¢p = ap. As a and b
both satisfy this condition, the uniqueness of ¢ yields a = b. So p is epi.

(a) The only result given is that for M < G, the morphism p : G — G/M is a universal
object of the functor Hy; : Grp — Set given by K — {f : G — K | f(M) =1}.

Let consider the arrow py : G — G/N ,as N C M, py € {f: G—G/N | f(M) =1}
then the universality of Hy; gives the existence of u: G/M — G/N such that upy; = px.

Now let prove N/M <G /M. Indeed : py/(u='({1})) = py ({1}) so by composing with
py one gets keru = py(N) = N/M. N/M is therefore a normal subgroup of G/M, so the
projection m: G/M — (G/M)/(N/M) is universal for the functor Hy ;.

Moreover one has shown that v € {f : G/M — G/N | f(N/M) =1} so there exists v :
(G/M)/(N/M) — G/N such that v = u. Then the following diagram commutes :

G

pm

G/M

G/N

™

(G/M)/(N/M)

Finally 7(py(N)) = #(N/M) = 1so wopy € {f:G— (G/M)/(N/M) | f(N)=1}.
Therefore the universality of py for Hy gives the existence of v' : G/N — (G/M)/(N/M)
such that v'py = 7par.

Then vv'py = vapy = upy = py and as py is a projection, it is epi so vv’ =Id. And on
the other side, mpy; = v'py = V'upys = v'vrpy and as both py and 7 are epis, v'v =Id. Then
v is a group isomorphism.
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8.1.5 Universality of the quotient K-module

Exercise
Show that the quotient of K-module A/S has a description by universality. Derive iso-

morphism theorems.

Given two K-modules A, S, with S sub-module of A, one has the following diagram in
K-Mod for any M:

Let then consider the functor H : K-Mod — Set givenby M — {f: A — M | (a) commutes. }
(it is defined on arrows by left-composition).

Now a universal element for the functor H is of the form (M,p: A — M) with pi = 0 and
satisfy the universality of a infimum for all the couple that makes () commutes.

Let’s prove that (A/S,p : A — A/S) is universal : It satisfy by definition the property
pi = 0. Moreover given M, f : A — M) such that fi = 0, then f respects the S-equivalence
on A so it factorises through p into a u: A/S — M.

This is exactly saying that A/S is universal.

8.1.6 Universality of the quotient ring

Exercise
Describe quotients of a ring by a two-sided ideal by universality.

Merely :  Let [ be a two sided ideal of R a ring. Then the quotient A = R/I a ring given
with a map p: R — A such that p/ = 0. And which satisfy the universal property :

For all f : R — B ring morphism, if fI = 0 then there exists a unique ring morphism
f"+ A — B such that f = f'p.

This states that (A,p : R — A) is universal among the morphisms R — B which kills
I. Therefore let T be the functor from the category of rings to the sets given by T'(B) =
{f:R—-B|fI=0} and if u : B — C is a ring homomorphism, 7" maps u to the left
composition with u from T'(B) to T'(C'). One has (A, p) is a universal element for T

8.1.7 Universality of the polynomial ring

Exercise
Show that the construction of the polynomial ring K[z] in an indeterminate x over a

commutative ring K is a universal construction.
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The usual construction for K|x] is the following :

neN

where j, is the injection K™ — KN : (ay,--+ ,a,) ~ (ai, -+ ,a,,0,--+).

The sequence (1,0,0,---) is noted 1, and this gives an injection i : K — KJz|, while
(0,1,0,---) is noted x, and x* for the k + 1th vector of the basis : (d;3);. It then inherits a
structure of K-module as sub-module of K.

Moreover, one may define the product p : K[z] x K[z] — K[z] as a bilinear application
defined on the basis by p(x*, x?) = 2%, Tt is then a ring.

It can be seen as a kind of "free ring on K and z". Because it as the following universal
property :

Given a ring R and a ring homomorphism [ : K — R, for all » € R there exists a unique
morphism of rings f : K[z] — R such that f(z) =r and Vk € K, f(k) = l(k).

This exactly states that (i : K — K|[z],x) is a universal element for the forgetful functor
U : (K | Rng) — Set which maps an arrow to the underlying set of its codomain.

Indeed, given a ring under K, R with an arrow f : K — R, and an element r in the
underlying set of R, one can associate the arrow in (K | Rng) given by f’: K[z] — R which
satisfy f'i = f and Uf’' : x — r. It is unique as the last property totally define f’ as a ring
homomorphism.

8.2 Exercises on section 2 : Yoneda’s Lemma p.62

8.2.1 Universality of representation

Exercise

Let K,K': D — Set be functors having representations (r,1) and (r’,1’), respectively.
Prove that to each natural transformation 7 : K——K’, there is a unique morphism h :
r" — r such that

7-¢p=4"-D(h, ):D(r, )—K'

One has that (¢')~! - 7 -4 is a natural transformation D(r, )——D(r, ).
But Yoneda lemma gives a bijection y : D(r',r) = Nat(D(r, ), D(r', )) that maps h :
r" — r to D(h, ). Then the above natural transformation is of the form D(h, ) for a unique
h:r'—r.
It states exactly that (K’, D(r’, )) is universal from the contravariant functor D(_,e) :
D — Set”.

8.2.2 Dual of Yoneda lemma
Exercise

State the dual of the Yoneda lemma (replacing D by D).

Let K : D — Set and r € D, then there is a bijection y : Nat(D(r, _), K) = Kr.
So the contravariant functor K satisfy : ¢’ : Nat(D(_,r), K) = Kr.
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8.2.3 Kan; the coyoneda lemma
Exercise

For K : D — Set, (x | K) is the category of elements (d,z € Kd). One may define the
projection @ : (x | K) — D which maps (d,x) to d, and the constant functor a : (x J
K)— D, (d,z) — a for a fixed a € D. Establish a natural isomorphism

Nat(K, D(a, )) = Nat(a, Q)

One has : .
(x}J K)=D = Set
Q D(a,_)

Now let’s take 7 : K—=D(a, ) a natural transformation lying in Nat(K, D(a_)). Then
for all d € D, the map 75 : Kd — D(a,d) so for all r € Kd, 74(r) € D(a,d) i.e. 74(r) : a — d.

But z = (d,r) is an element of (x | K), and with it one can rewrite the arrow 74(r) as
follows : axr = a — d = Qz, and call this one o,.

Then I claim that o is a natural transformation lying in Nat(a,@). Indeed remains to
show the naturality in x = (d,r) expressed in the following diagram :

7a(r)
a—>Qr=d

[a=ar o
(s)

a—— Qy=c

Where f: (d,r) — (¢, s) in the comma category (where y = (¢, s)) which yields f: Kd — Kc
with f(r) = s. So Qf = f and moreover, as 7 is natural, .o f = fo71; 80 Qfo, = fory(r) =
7.f(r) = 7.(s) = o, : the above diagram is commutative.

Conversely, given a natural transformation (o(q,))@r)exir) @ ¢—Q, it yields a family
of arrows 74 : Kd — D(a,d) with r — o(4,) for d € D ; which has a kind of "pointwise
naturality” (namely the naturality in » € Kd). So 7 is a natural transformation lying in
Nat(K, D(a, )).

One may easily remark that those two construction are inverse of each other, moreover
there are defined the same way for all @ € D ; this gives us the required natural isomorphism.

8.2.4 Naturality is not changed by enlarging the codomain category
Exercise

Let E be a full subcategory of E’. For functors K,L : D — E, with J : E — FE’ the
inclusion, prove that Nat(K, L) = Nat(JK, JL).

One sense is obvious : any natural transformation 7 between K and L extends to a natural
transformation between JK and JL, namely J o T.
Conversely given any natural transformation o : JK——JL, as J is fully faithful, for every
d € D, 04 1is an arrow in E from Kd to Ld, and is obviously natural in d. So one has proved
that o can be seen as a natural transformation in E.
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8.3 Exercises on section 3 : Coproducts and Colimits p.68

8.3.1 Tensor product in commutative rings

Exercise

In the category of commutative rings, show that R - R ® S < S, with maps r — r® 1
and 1 ® s «~ s, is a coproduct diagram.

The tensor product of rings is the tensor product of Z-algebras : as the Z-algebra structure
of any ring is given by the unique ring homomorphism Z — R. (This is in fact an injection —
not full — of categories).

Let U be a ring with two homomorphisms a : R — U and b : S — U, then by definition
a®b: R®S — U is associated with the bilinear function uy(a_,b ) : Rx S —UxU — U.

Then this function satisfy (a ® b)(r ® 1) = py(a(r),b(1)) = a(r) and (a ® b)(1 ® s) =
po(a(l),b(s)) = b(s). So we got this factorisation :

Moreover the uniqueness of this function as ring homomorphism, result of the uniqueness
as Z-linear function.

8.3.2 Coproducts and coequalizers yields pushouts

Exercise

If a category has (binary) coproducts and coequalizers, show that it also has pushouts.
Apply to Set, Grp, and Top.

Let’s take a, b, c objects of D category having coproducts and coequalizers, and u : ¢ — a,
v:c— b. One wants to construct the pushout of the pair (u,v).
First one may construct the coproduct a II b, with the injections ¢ : a — a II b and
J:b—allb.
Then one has two arrows iu, jv : ¢ — all b, so let’s construct the coequalizer f : allb — e
of those two.
I claim that

u
cC—a

|, 1o

b—— e

is a pushout of (u,v).
Indeed by construction of the coequalizer, the above diagram commutes. Moreover given
a commutative diagram :
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the property of the coproduct a I1b yields the existence of a unique factorisation g : a 110 — d
such that gi = h and gj = k.

And then as giu = gjv the universal property of the coequalizer of (iu, jv) gives a unique
arrow [ : e — d such that [f = ¢g. Then it means [(fi) = h and I(fj) = k. As all the above
construction is given in a unique way, [ is unique among such arrows. It is then exactly saying
that (f4, f7) is the pushout of (u,v).

Applications :

In Set :  The coproduct of two sets a, b is the disjoint union a U b with the injection
arrows.

And the coequalizer of two arrows f,g : ¢ — d is the quotient of d by the equivalence
relation ~ generated by Vo € C, f(z) ~ g(z).

Therefore a pushout in sets is just a couple of projections onto a quotient set.

In Grp :  The coproduct of two groups a, b is the free product a * b with the injection
arrows.

And the coequalizer of two morphisms f,g : ¢ — d is the quotient of d by the normal
subgroup N which is the normaliser of the set {f(z)g(x)™! | z € ¢}. The universal property
follows.

As result, pushouts in the category of groups are the amalgamated sums (quotient of the
free product by the normaliser of the set on which the functions agree).

In Top :  The coproduct of a,b is as in set, the disjoint union a U b with the topology
generated by the union of the topologies.

And the coequalizer of two continuous maps f, g : ¢ — d is also the same as in sets : The
quotient of d by the smallest equivalence relation which identify f and g together with the
quotient topology.

Hence the pushout in Top of the following diagram X; < Xy — X5 is the patch of X;
and X, along the image of X, on each side.

8.3.3 Coequalizer of two matrices

Exercise
Describe the coequalizer of A, B : n — m in Matrg.

A coequalizer of the pair (A, B) is a matrix C': m — k such that CA = C'B and if one has

DA = DB for D: m — k', then there exist a unique matrix M : k — k' such that MC = D.

Any such matrix satisfy D(A — B) =0 i.e. Im(A — B) C ker D; then C' is the cokernel of
A-B.
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Given a basis of Im(A — B) :(ey1,- -+ ,e4) in K™, it can be extended to a basis of m. Let’s
now define ¢ : K™ — K™ as e; — 0 for i < d and e; — ¢; for ¢ > d, then ¢ can factorise
through an arrow ¢ : K™ — K™ %1 and an injection K™ 4! — K™,

Finally the matrix C of ¢ in the canonical basis of K™ is an arrow m — m — d + 1 which
coequalize A and B. Moreover if D coequalize A and B, given any vector e; of the image of
A — B, then De; = 0. In fact one has for all vector e; of the basis of m, De; = Dce;, hence
D =DC":m — kK. But C" = JC where J is an injection k — m, so D = (DJ)C.

Eventually this factorisation is unique as if there are two factorisations D = MC' and
D = NC then N and M coincident on ImC' but by construction C' is surjective so M = N.

8.3.4 Existence of coproducts in Cat and such categories

Exercise
Describe coproducts ( and show that they exists ) in Cat, Mon and Grph.

In Cat : Let A, B be two small categories. Then one can build the category C' of objects
the union of those of A and B. And with arrows also the reunion of those of A and B (there
is no arrow from an object of A to an object of B and symmetrically.)

This construction yields two functors which are the inclusions functors ¢ : A — C' and
j:B—=C.

Let show that this construction satisfy the universal property of a coproduct.

If u: A— D < B :wv then one can construct a functor w : C' — D given by = — u(x) if
r € A, x — v(z) otherwise (z € B). And the definition on arrows is based on the fact that
any arrow f in C is either an arrow in A so is mapped to uf or an arrow in B and then is
mapped to v f.

Finally w satisfy wi = v and wj = v, and is unique among the arrows satisfying such
property as ¢ and j give together all the information of C'.

In conclusion, coproducts exists in Cat and are disjoint union of categories.

In Mon :  Given two monoids M, N, one may construct the free monoid on M and N :
D =M=xN.

Let’s construct A = (M U N)™ = U,eni,(M U N)" where i, is the injection of sets
(MUN)" — (M UN)N.

It is a monoid, as free monoid (the set of words) on a set of letters (alphabet). Its
multiplication p: A x A — A is the concatenation of words.

Then two words u,v in A are said to be equivalent if there exists a,b € A such that
u = au'b, v = av’b, and either

o It exists p,q € N such that ' € MP and v € M? and their projections to M are equal.
e It exists p,q € N such that v’ € NP and v € N7 and their projections to N are equal.

And moreover ey ~ ey ~ () (the empty word which is the neutral element).

This relation can be extended via transitivity into an equivalence on A, moreover it is
compatible with the multiplication. Then A/ ~ is a monoid; together with two morphisms
N.M — A/ ~.

This quotient monoid has the universal property of a coproduct as if a monoid F is the
target of two arrows f, g of respective domains N and M, then it gives an arrow from A — E
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(obtained by extending f, ¢ as function into a function f+¢: MUN — E and then extending
it into a map from the free monoid (by, say, universality of the free monoid))

This arrow respects the foregoing equivalence and then factors through an morphism
A/ ~— E which makes the injections commute with f and g.

In Grph :  The construction is quite similar to the one in Cat : Given two graphs a: O =
A,b: O = B, one may create a new graph ¢: O U O’ = AU B. (The existence of coproduct
—union— in sets allows us to extend the domain and codomain arrow of the graphs a and b)

Then any graph with functions from a and b, factor through ¢ by the same argument used
in Cat.

8.3.5 Equivalence relation and coequalizers

Exercise

If £ is an equivalent relation on a set X, show that the usual set X/FE can be described
by a coequalizer in Set

Axioms of equivalence relation : If E is a reflexive relation on X, then it can be seen
as a set equipped with two functions p,q : £ = X and an arrow of "diagonal injection"
d: X — FE such that pd = ¢d =id,.

Moreover an symmetric relation has an endomorphism s : £ — FE satisfying ps = ¢ and
qs = p.

Eventually a transitive relation in the category of sets has a morphism ¢t : £ xxy F — F
such that pm = pt and qmy = qt where 7; is the projection of the product onto the i-th
component.

Result (using elements):  Now lets show that X/F is the coequalizer of p and ¢. Indeed if
one calls r : X — X/FE the projection, then rp = rq. Moreover given a morphism f: X — Y
such that fp = fq

Given an element £ € X/FE, one can find an element x € X such that rz = . Then any
element y € X such that rx = £ satisfy the existence of an element a € F such that pa =z
and ga = y, so for any of theses elements y, f(y) = fqa = fpa = f(z). Then one may denote
this element f/(£). The map f’ is everywhere defined and satisfy f'r = f.

This show the universality of p : X — X/E among the arrows equalising p and q.

8.3.6 Existence of coproducts and reprensentability

Exercise

Show that a and b have a coproduct in C' iff the following functor is representable :
C(a, ) xC(b, ):C — Set.
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The coproduct of (a, b) is a universal arrow from (a, b) to the diagonal functor ¢ : C' — C'xC.
So this means that there is an isomorphism

C(a1llb,d) 2 Homexe((a,b), (d,d)) = C(a,d) x C(b,d)

which is natural in d. So the functor C'(a, ) x C(b, ) is representable.
Conversely if r represents that functor, then r satisfy the universal property of a IT b and
therefore it exists.

8.3.7 Every abelian group is a colimit of its finitely generated subgroups

Exercise

If A is an abelian group and Jy is the preorder of its finitely generated subgroups ordered
by inclusion, show that A is the colimit of the evident functor J4 — Ab. Generalise.

Lets call F': J4 — Ab the functor which maps the inclusion to the injection morphisms.
One has the following cone to A :

F F;
A J

Given a cone in Ab, of base F' to the vertex ¢ : 7 : F——Ac.

Construction using (excessively) elements : ~ We will denote for a group G (in Ab or
J4), G’ its underlying set, and similarly for group homomorphisms.

One wants to construct an arrow f : A — ¢ such that 7 = fo where 0 : F—AA is the
cone of the above diagram.

Given z € A’ the subgroup G, of A generated by x is in J,. Therefore there exists an
arrow 7, : G, — ¢ which underlying function 7., : x — y € ¢/. One may then define f': A" — ¢
by f'(x) =y = 7(2).

First one may notice that if ever x € H' where H € J4, then there is an arrow in Ju :
G, C H. Therefore as 7 is a natural transformation the following diagram commutes :

F(Gy) —— F(H)

Tz
TH

C

And then 77 1z — f'(x).

One still has to show that f’ can be extended as a group morphism f : A — c. But as the
group generated by e4 is {ea}, necessarily f'(e4) = e.. Moreover given two elements a,b € A’,
then if G = (a,b)4 € Ja, one has G,,G, C G and moreover G, C G, so as stated in the
above remark 7/,(a) = f'(a), 75(b) = f'(b) and 75(ab) = f'(ab). Then in ¢, as 7¢ is a group
morphism, f'(a)f’(b) = f'(ab).

Finally f is a group homomorphism A — ¢ and moreover the construction of f obviously
makes 7 = fo as for all i € Jy, o; is the inclusion map.
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Generalisation :  Well... wide question...

It seems I haven’t used the hypothesis A abelian. Moreover it seems that the construction
holds for monoids, with the category of finitely generated sub-monoids...

The only point where the construction may not be generalised is showing that the given
arrow f’ can be extended into a morphism.

The concept of finitely generated sub-something also needs to be extended : Given a
category C with a forgetful ( faithful ) functor U : C'— Set. Given = € Uc the sub-C-object
generated by z may be an element b € C such that x € Ub and there exists an arrow i : b — ¢
in C such that Ui is the inclusion Ub C Uc. And moreover given any (a,j : a — ¢) with such
property, there exist a k : b — a such that Uk is also an inclusion.

So the sub-C-object generated by x € Uc is universal from ... to Uc.

8.4 Exercises on section 4 : Products and Limits p.70

8.4.1 Pullbacks in Sets
Exercise

In Set, show that the pullback of f: X — Z and g : Y — Z is given by the set of pairs
{(z,y) |z € X,y €Y, fr = gy}. Describe pullbacks in Top.

In sets :  Let’s call A = {(z,y) |z € X,y €Y, fr =gy} and p,q its projections onto
respectively the first (X) and the second coordinate (Y).

By definition of A, it is obvious that gqg = fp. Now let’s take a set B and two arrows u, v
such that the following diagram commutes :

B—-X

-,

y 2 .z

Then for b € B, one has (ub,vb) € A because fub = gvb. It gives us a function (u,v) =
h: B — A which maps b to (ub,vb). It follows that ph = v and gh = v.

Moreover if another such arrow k exists, then pkb = ub and gkb = vb so k = h.

One has thus shown that A is the pullback of f, g in the category of sets.

In the category of topological spaces :  We define the underlying set of the pullback
in the same way as in sets : A = {(z,y) |z € X,y €Y, fr = gy}. But has p and ¢ needs to
be morphisms of topological spaces, one has to equip A with the least fine topology making
those two continuous; (which is the induced topology as a subset of the catesian topological
product X x Y').

With the notation above (replacing functions by continuous functions), one has got a
unique function h : B — A such that ph = u and ¢h = v. Then one may show h is continuous
: because the two functions ph and gh are continuous and by definition of the product topology.
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8.4.2 The usual cartesian is the categorical product in sets

Exercise

Show that the usual cartesian product over an indexed set J, with its projections, is a
(categorical) product in Set and in Top.

In the category of sets:  Let’s denote A the usual cartesian product : A = {(z;)jes |Vj € J, z; € X;
One then may define for j € J a function p,; : A — X given by (x;)ics — ;.

Now let’s show that A has the universal property of the product : given a family of
functions w; : B — X, one may consider the function ¢ : B — A given by z — (u;z);ec.

The definition immediately yields that Vj € J, p;j¢ = u; so A is the categorical product.

In the category of topological spaces : The construction is the same, and the topology
taken on A is the least fine topology that makes the p; continuous.

Now with the same notations as above, one can show that ¢ is continuous as all the
functions p;¢ are.

8.4.3 Existence of limits using an initial object

Exercise

If the category J has an initial object s, prove that every functors F' : J — C to any
category C' has a limit, namely F'(s). Dualize.

Let call r = F\(s), for all j € J, there exists a unique u; : s — j. Then one may define
7; = F(u;) : v — F}; I claim this family of morphisms is a natural transformation Ar—F.
Indeed the unicity of the u; yields that for any v : j — k, one has vu; = uy, by applying
F, one gets the naturality F(v)7; = 7, F(1).
Moreover 7 is universal among such natural transformations o : Ac—F. Because given
any such natural transformation o, there is a morphism o, : ¢ — r and then the naturality of
o makes the following diagram commutes:

9;
c—— F;

SJ %=F(uj)

r

Therefore one has 0 = o, o 7, which shows the naturality of 7.
Then F(s) = lim F
H

Dual statement : Given a category J with a terminal object ¢, then for any functor
J — C, F has a colimit : F(t).
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8.4.4 Epi is a pushout condition

Exercise

In any category, prove that f :a — b is epi iff the following square is a pushout :

If f is epi, then any commutative diagram of the kind :

f

a——b

Il

v
b——c

yvields uf = vf then as f is epi, u = v. Therefore any factorisation of this diagram through
the one in the wording implies the existence of a unique w = v = v. Therefore it is a pushout.

Conversely given a two arrows u,v : b — ¢, such that uf = vf, then the diagram above
is still commutative and thus the universality of the pushout yields the existence of a unique
arrow w : b — ¢ such that u = w = v so u = v and then f is epi.

8.4.5 Pullbacks conserve monics
Exercise

Given the following pullback square with f monic, in any category, show that ¢ is monic :

q
c——d

-, I

b——a

If one has the following pair u,v : € =% ¢ such that qu = quv.
Then qu = qu implies gqu = gqv and as the diagram above commutes fpu = gqu = gqu =
fpv. But f is monic therefore pu = pv.
Moreover one has gqu = fpu = fpv so by universality of ¢, there is a unique arrow
w : e — ¢ such that pv = pw and qu = qw. But both u and v satisfy this property, so u = v.

8.4.6 Kernel pair in sets

Exercise

In Set, show that the kernel pair of f : X — Y is given by the equivalence relation
E={(z,2) |z, € X, fo = fa'}, with suitable maps £ = X.
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Let consider the set E as defined above. It comes with two projections p,q : E = X which
maps respectively (x,z’) to x and z’. One obviously has fp = fq.

Now given another set I’ with two arrows u,v : ' — X such that fu = fv, then let’s
consider the function h : F' — E defined by h(a) = (ua,va). One therefore has ph = u and
qh = v, and moreover h is a unique arrow with theses properties as any element b of E is of
the form (pb, gb).

Finally, p,q : E = X is a pair equal under f and universal among such pairs, so it is the
kernel pair of f.

8.4.7 Kernel pair via product and equalizers

Exercise

If C' has finite product and equalizers, show that the kernel pair of f : a — b may be
expressed in terms of the projections pi,ps : a X a — a as pie, pse, where e is the equalizer

of fp1, [ps.

The dual statement of exercise 8.3.2 gives that as C' has finite products and equalizers, then
it as pullbacks.
The kernel pair of f is the pushback in the following diagram :

u
C—a

-, 1

a——b

So ¢ has two arrows u,v : ¢ — a, by universal property of the product a x a, there exists a
unique morphism e = u X v such that pje = u and pye = v.

It only remains to show that e is the equalizer of fp; and fp,, but as c is the pushout of
(f, f) any equalizer factors through ¢, so e is the equalizer.

8.4.8 Concatenation of pullbacks

Exercise

Consider the following diagram :

(a) If both little squares are pullbacks, prove the outside rectangle is a pullback.

(b) If the outside rectangle and the right-hand square are pullbacks, so is the left-hand
square.
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(a) : Let’s take the following notations :

We want to show that a and b factorise through a unique arrow d such that a = uhd and
b= kd.

Then one has fwb = ga but (u,v) is the pullback of (f,g) then there exists a unique ¢
such that uc = a and ve = wb. So the following square commutes :

And as (h, k) is the pullback of (w,v) then there exist a unique d such that hd = ¢ and kd = b.
By gathering the above results one gets a = uhd and b = kd.
Moreover d is unique : If d’ also factorise a and b : a = uhd and b = kd’', then hd’ factorise
a and wb but as (u,v) is a pullback, then the unicity of the factorisation yields hd’' = ¢ = hd.
Then using that (h, k) is a pullback, and wb = vc we can prove that d = d' i.e. the unicity
of the factorisation.

(b) : With the initial notations above, let suppose one has the following commutative
diagram :

Therefore one has this one:
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As (fw, g) as a pullback, namely (uh, k), there exists a unique morphism ¢ such that uhc = ua
and b = kc.

Now let’s prove a = hc : One has already uhc = ua moreover vhe = wkc = wb = va so
both a and hc are a factorisation of the following diagram by the pullback on the right :

ua u
o bl
f f

So by unicity of the factorisation a = hec.

Moreover if d is another morphism such that ¢ = hd and b = kd, then ua = uhd and
b = kd hence by unicity of the factorisation of (ua,b) by (uh, k), one gets d = c.

The existence and the unicity of the factorisation proves that the left square is a pullback.

8.4.9 Equalizers via product and pullbacks

Exercise

Show that the equalizer of f, g : b — a may be constructed as the pullback of

(1b,f):b—>b><a%b:(1b,g)

Let’s consider the following pullback :

Then the commutativity yields (u, fu) = (v, gv) ie v = v and fu = gu. So u is a morphism of
C which equalize f and g.

Now given an arrow w : d — b which equalize f and g, one has the following commutative
diagram :

d—2 )

l“’ l(lb,g)
1y, f
b0 s a

which factorise by the universality of (¢, u) through an arrow h : d — ¢ such that uh = w.
Moreover this h is unique because any other such morphism A’ : d — ¢ would give another
factorisation of w in the pullback, which is forbidden.

It exactly means that u : ¢ — b is the equalizer of f and g.

8.4.10 Pullbacks and terminal object yields products and equalizers

Exercise
If C' has pullbacks and a terminal object, prove that C' has all products and equalizers.
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Products :  Let ¢ with (p, ¢) denote the pullback of a — t <= b. Given a d with two arrows
u:d—aandv:d— b, then the following diagram commutes :

d—>—>b

[ ]

a ———t

So by universality of ¢ there exist a unique arrow w : d — ¢ such that pw = u and quw = v.
This is exactly the universal property of the product, so as ¢ satisfy this property, the finite
products exist.

Remark : The existence of pullbacks and a terminal object does not necessarily yields all
products. A counter-example could be the category Fin of small finite sets, with morphisms
the usual functions. Then it has pullbacks as in Set, a terminal object (namely 1) therefore
finite products but obviously not all infinite product.

Equalizers :  The existence of equalizers derive from exercise 8.4.9.

8.5 Exercises on section 5 : Categories with Finite Product p.74

8.5.1 Naturality of the diagonal injection

Exercise
Prove that the diagonal d. : ¢ — ¢ X ¢ is natural in c.

Let C be a category with finite products, the function A : C' — C defined by ¢ — ¢ X ¢ is
the object function of a functor which maps an arrow f :c — d to Af : ¢ X ¢ — d x d the
unique function satisfying piAf = fp; for i = 1,2 where the p; (resp. p}) are the projections
onto ¢ (resp. d).

One wants to prove that J is a natural transformation from the identity functor. § : [—A.
The universal property of the product d x d in the following diagram :

c———d

Jf pﬂ
d——dxd

P

yields the existence of a unique morphism w : ¢ — d x d such that pjw = f = pw.

But p;j(daf) = (pida)f = f and pi(Afoc) = (piAf)de = fpide = f. As b, satisty pid. = 1.
So by the unicity of the morphism factorising the diagram above, one has d;f = w = Afé..
Which can be summarised in the following commutative diagram :

)

c
Cc—CcX¢C

lf 5 lAf

d—"—dxd
This exactly means that ¢ is natural in c.
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8.5.2 Pullbacks in Cat
Exercise

(a) Show that Cat has pullbacks.

(b) Show that the comma categories (b | C) and (C | a) are pullbacks in Cat.

(a) :  Wealready know that Cat has bi-products, so it remains to show that it has equalizers.
Then by dual proposition of exercise 8.3.2, it would have pullbacks.

So given f, g : D = E, one can construct the category C with object sets {x € D | fx = gz}
and arrow set {¢ € D | fo = g} (similarly it is the same definition for all hom-set).

Then there is a inclusion of categories i : C' — D satisfying fi = gi. Conversely given a
j : B — D which coequalize f and g (i.e. fj = gj), then for all b € B (object or arrow), j(b)
satisfy fj(b) = gj(b) and therefore j(b) € C. So there is an inclusion k : B — C such that
1k = 7, moreover a such £ is an inclusion therefore unique.

(b) :

Lemma : Given three categories and two functors as follows : A —r C +—¢ B, the
comma category (F | G) is the pullback :

R

(F1Q) %
J (P,Q) J (domain, codomain)
AxB% oxc

This result is given by exercise 7.4.5.

(b) C): Is therefore the pullback of the following diagram :

C—>CxC — C?

(b,1) (domain,codomain)

(Cla): Issimilarly the pullback of the following diagram :

C—>CxC — C?

(1,a) (domain,codomain)

8.5.3 Cat has small coproducts

Exercise

Prove that Cat has all small coproducts.
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Let X be a small set seen as a discrete category. Given a functor F' : X — Cat, one may
construct a category C with objects U,exObj(F(z)) and with arrows set U,e x Arrows(F(z))
this is the same that defining the hom-set of two elements ¢, d as the emptyset if those two
werent in the same F'(x) and their "usual" hom-set if they were. (one can easily verify that
those sets are small as X is and all F(x) also are, so C € Cat).

It indeed yields a natural transformation (family of injections) from F' to the constant
functor A C.

Then given another category D € Cat with a natural transformation 7 : F—AD (family
of arrows). Then one may define a functor T : C — D by for ¢ € C as there exists a unique
x € X such that ¢ € F(z), one may set T'c = 7,(c). The same definition works for arrows as
well, this then gives the universality of C.

8.5.4 Pointwise product of functors

Exercise

If B has finite products show that any functor category B also has finite products (cal-
culated pointwise).

We are going to prove the stronger result : B has all the limits that B has. (Le. given a
category X, if B has X-limits, then so has B).

Proof using comma categories :

Existence of limits seen as functor to a comma category : Let X be a category,
and suppose that B has all X-limits; there is a functor

lim _: [X, B] — (Ap | BY).

Where Ag : B — BX is the diagonal injection : Agb=10!: X — 1 — B. And BY in the
comma category stands for the identity functor.
Indeed the object function maps a functor 7' : X — B to a couple

(r=1mT,7: Ar—T).
<

About the arrow function : if ¢ : T—— S, then one has a natural transformation ¢-7 : Ar——S5,
where (r,7) is the universal element associated to the functor 7" and (s, o) to the functor S.
Precisely, as this last pair is universal, there exist a unique arrow u : r — s such that ou = ¢r.
Therefore one may define the functor on arrows by

lim ¢ = u.
<—

This definition gives indeed a functor.

Moreover let (r,7 : Agr——=T) be the image of T : X — B via the limit functor. Its
universal property states that for every cone (s, 0 : Ags——=T) there is a unique arrow t : s — r
such that o = 7o t.

This can be rewritten as a bijection Nat(Aps, T) = B(s,r). But these natural bijections
are elements of (Ap | T) where T is seen as a fixed element in BX.
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What we want to do :  Let fix X a category. One wants to construct (this is only the
first step) a functor [X, B¢] — (A | [X, BY]).

But one already knows that there is a really natural isomorphism w : [X, BY] & [X x
C,B] 2 [C x X, B] & [C, BY], see exercise 7.3.2 for the first (and the last) isomorphism(s).

So by composing with the functor

lim: [X, B] — (A | [X, B])
defined above, one gets a functor [X, B¢] — [C, (Ap | [X, B])]

Functor between comma categories :  Exercise 7.4.5 gives that the comma category
= (Age | [X, BY)) is the following pullback :

E " (X, B¢]?

(P,Q) (domain, codomain)

BC x [x,B°] =X

[X,B] x [X, BY]

But as it also apply to D = (Ap | BY), given a functor T': C — D, one has :

(B¥)*
V w)am codomain)
c—--D X BX
(P, Q")
B x BX

This gives us two functors, namely (P'o Q"o ) :[C,D] — [C,B x BX] and Ro _
[C, D] — [C,(B¥)?]. Up to isomorphisms, theses are functors from [C, D] to respectively
B x [X, BY] and [X, BC]2.

X, BC)?

Y

(domam codomain)

[X BC] x [X, BY]

/\

XBC

So the universal property of pullbacks give us a unique functor V : [C, D] — FE such that
the above diagram commutes.
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Proof by Ross (Somehow 2-categorical argument) :  Saying that X-limits exist in B
is exactly stating that there is an adjunction ¢ :

B = B¥
lim
Given by the bijections :
@pr : Cone(z, F) = BX(Apx, F) = B(x,lim F)

F
Lemma 1 : Given a (small) category C, any adjunction A = X in Cat is conserved
G
by "homming" from C' in the following sense :

X(Fa,z) = A(a,Gz) becomes XY(Foa,§&) = A%a,Gof)

Let’s call n : 1x——GF the unit of the adjunction and ¢ : FG——14 the counit.
The hypothesis can be written with those commutative diagrams respectively in Hom(A, X)
and Hom(X, A) (which are categories) :

F1 — FGF Gl —— GFG
N N
£ n
1F 1G

Therefore since Hom(C, _) is a 2-functor, it gives functors Cat(A, X)) — Cat(C, Cat(A, X))
and Cat(X, A) — Cat(C,Cat(X, A)). Those two functors map the above commutative dia-
grams respectively to the followings :

C
FC " (FGF)® —~— FCGCFC G¢ = (GFG)° —~— GCFCGE
\ lsc \ lnc

FC¢ G°¢

So the existence of the natural transformations n¢ : 1 — GCF¢ and € : FCGY — 1 give the
required adjunction.

Lemma 2 : A% =Apgo = Agc (the lemma states the second identity since the first
is the definition of Ag).
Given any b € B, Agb is the arrow

X—'>*T)B

So Ap can be seen has left composition with the arrow ! : X — x. Therefore so is Agzc
and the result follows.

Conclusion :  With the data above one can construct an adjunction :

Age
BY = [X,BY]

lim®

The right adjoint im® to the functor Apgc is therefore a functor giving limits for any
functor in [X, BY]
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8.6 Exercises on section 6 : Groups in Categories p.76

8.6.1 Monoids
Exercise

C'is a category with finite products and a terminal object ¢. Describe the category Mong
of monoids in C' and show it has finite products.

Objects of the category Mong are of the form (¢, : ¢ X ¢ — ¢,n: t — ¢) such that some
property are respected (namely associativeness of 1 and neutrality of n with p on both sides).
Now given an arrow f : ¢ — ¢ in C, it is an arrow in Mon¢ as soon as it makes the following
diagrams commute :

m

cXc——¢ t——c
7]/

l(ﬁf) Jf \Jf

dxd L ¢ c

Then one can easily see that the restriction of the composition law of C' to Mon¢ stay in
Mon¢ as the concatenation of two commutative diagrams as those above is commutative.

Limits (finite products) :  Given two objects of Mon¢ as above, then one can equip the
product d = ¢ x ¢ with a structure of monoid :
First of all, one has :

dxd=(cxd)x(exd)Zex(dxe)xdZex(exd)xd 2 (exe)x(dxd)

in a fancy natural way (which was not obvious at first because an isomorphism ¢ X ¢ = ¢ X ¢
need not be natural).

Then one has u x ¢/ : (¢ x ¢) x (¢ x ) = ¢ x ¢ =d. So by composing those two arrows,
one may define a multiplication m : d x d — d.

Similarly there is an arrow n = (n,7) : t — d.

Those arrows satisfy the properties of a monoids structure because each coordinate satisfy
theses properties by hypothesis. Moreover the projections arrows p: d — c and ¢ : d — ¢ are
morphisms of monoids in C'.

Universality of the product : Now given another monoid in C| say e with two C-
monoid morphisms u : e — ¢ and v : e = . One has by universality of the product in C a
unique arrow [ :e — d =c x ¢ such that pf = v and ¢f = v.

Let now show that f is a morphism of monoids in C', one wants to show that m(f, f) = fm
but pfm = um = m(u,u) = m(pf,pf) = pm(f, f) and identically with ¢ so as p and ¢ totally
define f, f is a morphism for m and by a simple calculation so it is for n. Finally f is a
C-monoid morphism (and unique because of its uniqueness as morphism in C').

Therefore (d,m,n),p,q is the product of (¢, u,n) and (c, ¢/, ') in Monc.
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8.6.2 Groups in Grp

Exercise

(a) If A is an abelian group (in Set), show that its multiplication A x A — A, its unit
1 — A and its inverse A — A are morphism of groups.

(b) Deduce that A is a group in Grp.

(c) Prove that every group in Grp has this form.

(a) : For any group, n : 1 — A and 4 : A x A — A are group morphisms. Namely

(n,m) = nu, and p(p, 1) = p.
Moreover for A abelian, one has also u(§,€) = {u and since n = &n is always true, € is a

group homomorphism.

(b) :  Since p,n and are group homomorphisms, in the category of groups, (A4, u,n, &) is a
group.

(c) : Let A be a group in Grp, then if p, ¢ are the projections A x A — A, then p X ¢ :
A x A — A x Ais the identity. Let’s denote b = g x p. It follows that b? = 1.

An abelian group is a group such that ub = pu.

A very very huge commutative diagram (stating £(ab) = £(b)¢(a)) using the hypotheses
may prove us the following result :

pobo(§x&) =Eopn

Therefore since saying & is a group morphism yields £ o yp = po (€ x §), and by regularity
of £ x ¢ in the monoid End(A x A), one has ub = u. So A is abelian.
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