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This is a slightly extended version of my handwritten note [S]. The purpose is to show
that the 3-cocycle condition in the cohomology of groups comes straight from the pasting
geometry of higher-order category theory: the fact that a particular cube can be assembled at
all, with appropriate source and target compatibility, leads to the equation automatically (or
should I say, chaotically).

The chaotic category X. on aset X has the elements of X as objects and X.(x,y) = 1 for
all x, yOX. This gives a functor (-).:Set — Cat with a left adjoint. Hence (by the general
theory of monoidal functors [EK], or otherwise) we obtain a functor (-).: Cat— 2-Cat with a
left adjoint; for a category C, the 2-category C. has underlying category C and C/(d,e) =
C(d,e).. Since (-).:Cat— 2-Cat has a left adjoint, it preserves products and so takes groups
in Cat into groups in 2-Cat.

Recall that groups in Cat all arise from crossed modules (see [BS] for the history).
Suppose 0 : N — E is a group homomorphism (in Set) and ¢ : Ex N —— N is an action

satisfying the crossed module properties
deen) = edn) e}, dn)em = nmn ",
The corresponding group C in Cat is described as follows:

objects of C are elements e of E;
morphisms n:e— €' have n ON with e=0d(n) e';
composition is multiplication in N ;

multiplication 0O : Cx C—— C is defined by
(d O - d', e 17 e’) e (de ki N, d'e’) .

Notice that two morphisms n, q: e — €' in C must have d(n) ¢’ =e =09(q) e so that
d(n) =0(q). This means that we can regard 2-cells in the monoidal 2-category C, as diagrams
T -
e la e
D]q_)
where n=a q with a in the kernel A of 0: N —E. Notice that an = na for aA and

I

nON (since ana! =d@)sn =1en = n). Vertical and horizontal composition in C. are
given by multiplication in A.

Let G denote the cokernel of d: N —— E so that there is an exact sequence
1W-AM-NOd-E 0~ G m-1

of groups (in Set). Since T is surjective, we can choose o(x) OE with m(o(x)) =x for all
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x OG. Since o(x)o(y) and o(x y) are in the same fibre of 1, we can choose t(xy) ON with

o(xy) = d(t(xy)) o(x)a(y).
This gives morphisms

T(xy) : olxy) o(x)a(y)

in C forall x,y OG.
For all x,y,z0G, we can define A(x,y,z) JA to be the unique 2-cell in C, fitting in the

square below.

T(xy, z)

o(xyz) o(xy) o(z)
T(x,yz)i D)\(x,y,z) lr(x,y)[b (z)

a(x) o(y z)

cO (2 o(x) a(y) o(z)

Consequently, by mere source and target requirements (because of local chaos), there is a

commutative cube

o(u x y) 0(z) IO o 6(ux) oly) o(z)

T(uxy% D}\(ux,y,z) %1 O (7,2) \iu,X)D(G(y)G(Z))

oluxyz) T 0 aly 2) o(u) o(x) o(y) 0(z)

T(uxy2) [ JAMuxyz) MwX)B (y2) oot (y,2)

o(u) o(xy z) W o(u) o(x) o(y z)

o(u xy) o(z) M o(u x) o(y) o(z)

T(uxy% T(u,xy)d (x D)\(U/X/Y)@ (2) XLX)D(U(Y)U(Z))
o (uxy2) [ 102 gw) o(x y) az) T D) 600 aly) o(2)

Huxyz)\ OWE (xy,2) [P (xy,z) (OOt (y,2)

o(u) o(x y z)

T Gy O OB oly z)

This gives the usual equation
Au,x,yz) Mux,y,z) = (ue*A(x,y,2)) AM(u,xy, z) A(u, x,y)

for a 3-cocycle A: G —— A on G with coefficients in A.
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